CALCULI, HODGE OPERATORS AND LAPLACIANS 
ON A QUANTUM HOPF FIBRATION 
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Abstract. We describe Laplacian operators on the quantum group SU g (2) equipped 
with the four dimensional bicovariant differential calculus of Woronowicz as well as on 
the quantum homogeneous space with the restricted left covariant three dimensional 
differential calculus. This is done by giving a family of Hodge dualities on both the 
exterior algebras of SU 9 (2) and S^. We also study gauged Laplacian operators acting on 
sections of line bundles over the quantum sphere. 
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1. Introduction 

We continue our program devoted to Laplacian operators on quantum spaces with the 
study of such operators on the quantum (standard) Podles sphere Sj? and their coupling 
with gauge connections on the quantum principal U(l)-fibration A(Sg) <—} A(SXJ q (2)). 
While in [20] one worked with a left 3D covariant differential calculus on SUq(2) and its 
restriction to the (unique) 2D left covariant differential calculus on the sphere Sjj, in the 
present paper we use the somewhat more complicate 4D + bicovariant calculus on SU g (2) 
introduced in [33] and its restriction to a 3-D left covariant calculus on the sphere S;j. 

Laplacian operators on all Podles spheres, related to the 4D + bicovariant calculus on 
SU ? (2) were already studied in [27]. Our contribution to Laplacian operators comes from 
the use of Hodge ^-operators on both the manifold of SU g (2) and that we introduce 
by improving and diversifying on existing definitions. 

We then move on to line bundles on the standard sphere Sjj and to a class of operators 
on such bundles that are 'gauged' with the use of a suitable class of connections on 
the principal bundle A(S^) ^ ,A(SU g (2)) and of the corresponding covariant derivative 
on (module of sections of) the line bundles. These gauged Laplacians are completely 
diagonalized and are split in terms of a Laplacian operator on the total space SU g (2) 
of the bundle minus vertical operators, paralleling what happens on a classical principal 
bundle (see e.g. [21 Prop. 5.6]) and on the Hopf fibration of the sphere Sjj with calculi 
coming from the left covariant one on SU g (2) as shown in [201 El] 

In U2] we describe all we need of the principal fibration A(Sg) ^ A(SU q (2)) and as- 
sociated line bundles over Sjj. We also give a systematic description of the differential 
calculi we are interested in, the 4D + bicovariant calculus on SU g (2) and its restriction 
to a 3D left covariant calculus on the sphere S^. A thoughtful construction of Hodge 
★-dualities on SU g (2) are in §|3] while the ones on are in §4) These are used in §|5]for 
the definition of Laplacian operators. A digression on connections on the principal bundle 
and of covariant derivatives on the line bundles is in §01 and the following £J7J is devoted to 
the corresponding gauged Laplacian operators of modules of sections if the line bundles. 
To make the paper relatively self-contained it concludes with two appendices, §M giving 
general facts on differential calculi on Hopf algebras and £jB] concerning with general facts 
on quantum principal bundles endowed with connections. 

We like to mention that examples of Hodge operators on the exterior algebras of the 
quantum homogeneous g-Minkowski and g-Euclidean spaces - satisfying a covariance re- 
quirement with respect to the action of the quantum groups SO g (3, 1) and SO g (4) - have 
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been given in [2U [22] using the formalism of braided geometry and with a construction of 
a g-epsilon tensor. On the exterior algebra over the quantum planes a Hodge operator 
has been studied in |12j . 



Conventions and notations. When writing about connections and covariant deriva- 
tives we shall pay attention in keeping the two notions distinct: a connection will be 
a projection on a principal bundle while a covariant derivative will be an operator on 
section, both of concepts fulfilling suitable properties. The 'g-number' is defined as: 



for q 1 and any iGl For a coproduct A we use the conventional Sweedler notation 
A(x) = £g> 2(2) (with implicit summation) with iterations. The convention is iterated 
to (id (g>A) o A(x) = (A <S> id) o A(x) = X{\) <8> x^) <8> £(3), and so on. 

Acknowledgments. We are grateful to S. Albeverio, L.S. Cirio and I. Heckenberger for 
comments and suggestions. AZ thanks P. Lucignano for his help with Maple. GL was 
partially supported by the Italian Project 'Cofin08-Noncommutative Geometry, Quantum 
Groups and Applications'. AZ gratefully acknowledges the support of the Max-Planck- 
Institut fur Mathematik in Bonn, the Hausdorff Zentrum fur Mathematik der Univer- 
sitat Bonn, the Stiftelsen Blanceflor Boncompagni-Ludovisi fodd Bildt (Stockholm), the 
I.H.E.S. (Bures sur Yvette, Paris). 



2. Prelude: calculi and line bundles on quantum spheres 

We introduce the manifolds of the quantum group SU g (2) and its quantum homogeneous 
space Sg - the standard Podles sphere. The corresponding inclusion A(S 2 ) ^ ^4(SU g (2)) 
of the corresponding coordinate algebras is a (topological) quantum principal bundle. 
Following App. |A] we then equip *4.(SUq(2)) with a 4-dimensional bicovariant calculus, 
whose restriction gives a 3-dimensional left covariant calculus on A(Sg). 

2.1. Spheres and bundles. The polynomial algebra A(SXJ q (2)) of the quantum group 
SU g (2) is the unital *-algebra generated by elements a and c, with relations 

ac = qca ac* = qc*a cc* = c*c, 
(2.1) a*a + c*c = aa* + q 2 cc* = 1. 

For the sake of the present paper, the deformation parameter gel can be restricted to 
the interval < q < 1 without loss of generality. In the limit q — > 1 one recovers the 
commutative coordinate algebra on the group manifold SU(2). If we use the matrix 
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whose being unitary is equivalent to relations ( 12. ip . the Hopf algebra structure for A(S\J q (2)) 
is given by coproduct, antipode and counit: 

AU = U®U, S(U) = U\ e(U) = l, 



that is A(a) = a <g> a — qc* <E> c, and A(c) = c ® a + a* ® c; S'(a) = a* and S'(c) = — gc; 
e(a) = 1 and e(c) = and their ^-conjugated relations. 

The quantum universal envelopping algebra U q (su(2)) is the unital Hopf *-algebra gen- 
erated as an algebra by four elements K^ 1 , E, F with KK~ l = 1 and subject to relations: 

K 2 - K" 2 

(2.2) K±E = q ± EK ± , K F = q T FK ± , [E, F] = — . 

q-q~ l 

The *-structure is K* = K, E* = F, and the Hopf algebra structure is provided by 
coproduct 

A(K ± ) = K ± ®K ± , A(E) = E®K + K~ l ®E, A(F) = F <g> K + K~ l ® F, 

while the antipode is S(K) = K~ x , S(E) = —qE, S(F) = —q~ l F and the counit reads 
s(K) = 1, s(E) = e(F) = 0. The quadratic element 

, s ~ qK 2 - 2 + q~ 1 K~ 2 . 

M C,= " (q _ q « lf + FE-\ 

is a quantum Casimir operator that generates the centre of U q (su(2)). 

The Hopf *-algebras U q (su(2)) and „4(SU 9 (2)) are dually paired. The *-compatible 
bilinear mapping ( , ) : U q (su(2)) x A(SXJ q (2)) — > C is on the generators given by 

(K ± ,a)=q^ 2 , (K ± ,a*) = q^ 2 , 
(2.4) (E,c) = l, (F,c*) = -q-\ 

with all other couples of generators pairing to zero. This pairing is proved [18] to be non- 
degenerate. The algebra U q {s\x{2)) is recovered as a *-Hopf subalgebra in the dual algebra 
^4(SUq(2))°, the largest Hopf *-subalgebra contained in the vector space dual ^4(SU 9 (2))'. 

There are [32] *-compatible canonical commuting actions of U q (su(2)) on *4.(SU g (2)): 

h>x : = X(i) (h,X( 2 )) , x<h := (/i, x (2 ). 

On powers of generators one computes, for s6 N, that 

K± > a s = q T i a s F > a s = E > a s = -g( 3 ~ s )/ 2 [s]a' -1 c* 

K ± >a* s = q^a* s F > a* s = q^^ca* 8 ' 1 E > a* s = 

K ± >c s = q T ^c s F>c s = E>d , = q ( - 1 -"V 2 [s]d'- 1 a* 

K± > c* s = q^c* s F > c* s = -g-^+^/^sjac* 5 " 1 £ > c* s = 0; 



(2.5) 



and: 



(2.6) 



a s <K ± = q T ia s a s < F = g (s_1 ^ 2 [s]ca s_1 a s < £ = 

a* s <K± = q^a* 8 a* s < F = a* s < F = _g( 3 - s )/ 2 [ s ] c * a * s - 1 

s <if ± = q^c s C S <F = c s <E = q^ s - 1 ^ 2 [s]c s - 1 a 

c* s < = g=Ff c* s c* s < F = -g( s ~ 3 )/ 2 [sja*^" 1 c* s < £ = 0. 
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Consider the algebra -4.(11(1)) := C[z, z*]/< zz* - 1 >. The map 



(2.7) 7T : .4(SU,(2)) -> A(U{1)), 7T 



a -qc* \ I z 
c a* ) ~ \ z* 



is a surjective Hopf *-algebra homomorphism. As a consequence, U(l) is a quantum 
subgroup of SU g (2) with right coaction: 

(2.8) 5 R := (id®7r) o A : A(SV q (2)) -)• .A(SU g (2)) <g> -4(U(1)). 

The coinvariant elements for this coaction, elements b G ^4(SU g (2)) for which 5r(6) = 6(8)1, 
form the algebra of the standard Podles sphere -4.(S 2 ) <^-> ^4(SU 9 (2)). This inclusion gives 
a topological quantum principal bundle, following the formulation reviewed in appendix [Bl 

The above right U(l) coaction on SU g (2) is dual to the left action of the element K, 
and allows one [23] to give a decomposition 

(2.9) A{SV g (2)) = ®n&Cn 

in terms of *A(S 2 )-bimodules defined by 

(2.10) C n := {x G *4(SU g (2)) : K>x = q n/2 x <£> 6 R (x) = x ® z~ n }, 
with A(Sg) — Co. It is easy to see that £* = £_„ and C n C m = C n+m , with 

(2.11) E>C n c C n+2 , F>C n c £ n _ 2 , C n <u C £ n , 

for any u G W 9 (su(2)). The bimodules C n will be described at length later on when we 
endow them with connections. Here we only mention that the bimodules C n have a vector 
space decomposition (cf. e.g. [2Tj): 



(2.12) ^™ :— (l3 7_M M , , M , „ . K 



(n) 
J J 

2 ' 2 ~ ri ' 2 " 



where V r j n ' ) is the spin J (with J G |N) irreducible ^representation spaces for the right 
action of W 9 (su(2)), and basis elements 

(2.13) 4> nM = (c J - n/2 a* J+n/2 )<E l 

with n G Z, J = ^ + N, Z = 0, . . . , 2 J. 



2.2. The 4D exterior algebra over the quantum group SU g (2). We present here 
the exterior algebra over the so called 4D+ bicovariant calculus on SU 9 (2), which was 
introduced as a first order differential calculus in [33], and described in details in [3D] . 

The ideal Qsu 9 (2) C ker£ SU(J (2) corresponding to the AD + calculus is generated by the 
nine elements {c 2 ; c(a*— a); q 2 a* 2 -(l+q 2 )(aa*-cc*)+a 2 ; c*(a*-a); c* 2 ; [q 2 a+a*—q~ 1 (l + 
g 4 )]c; [g 2 a+a*-g" 1 (l+g 4 )](a*-a); [g 3 a+a*-g- 1 (H-g 4 )]c*; [g 2 a+a*-g~ 1 (l+g 4 )] [g 2 a+a*- 
(1 + g 2 )]}. One has Ad(Q su , (2) ) C Qsu 9 (2) <8 ^(SU 3 (2)) and dim(ker e S u g (2)/Qsu 9 (2)) = 4. 
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The quantum tangent space turns out to be a four dimensional Xq C U q (5u(2)). A choice 
for a basis is given by the elements 

L- = q*FK-\ L z = K *~l , L + = q- 1 *EK- 1 ; 

( , 14) Lo = ^ - a± qf^z i + FE = ^ - 1) ± r '(^ - 1) + EFt 

from the last commutation rule in (12. 2p . The vector L belongs to the centre of U q ($u(2)): 
it differs from the quantum Casimir (12.31) by a constant term, 



i i 



2 



<p - q 



112 1 



The coproducts of the basis (IA.5[) give AL b = 1 <g> L b + L a (gi f ab : once chosen the 
ordering (— , z, +, 0), such a tensor product can be represented as a row by column matrix 
product where 
(2.16) 

/ 1 q'^KE \ 



(q-q-^qzFK- 1 K~ 2 {q — q~ x )q~^EK~ l {q-q- x )[FE + q 
1 g~3Flf 

\ K 2 

The differential d : ^(SU,(2)) m- fi 1 (SU g (2)) is written for any x e A(SU q (2)) as 

(2.17) dx = (L a >x)u a = u a (R a >x) 

on the dual basis of left invariant forms u a G r2 1 (SU g (2)) with A^\uj a ) — 1 (g) w . Here 
i? a := — S -1 (L a ) and explicitly: 

(2.18) R± = L ± K 2 , R Z = L Z K 2 , R = -L . 

On the generators of the algebra the differential acts as: 

da = (g — g~ 1 )~ 1 (g — l)au z — qc*u + + \iacu Q , 
da* = cw_ + (q — q^ 1 )~ 1 (q^ 1 — \)a*oj z + Aia*u;o, 
dc = (q — q~ 1 y 1 (q - 1)cuj z + a*cu + + Xicu , 

(2.19) dc* = -q^aco. + (q - g -1 ) _1 (g -1 - l)c*a; z + Aic*w , 

with Ai = [|][§]. These relations can be inverted, giving 

uj_ = c*da* — qa*dc*, u + = adc — qcda, 
u> z = a* da + c*dc — (ada* + g 2 cdc*), 

(2.20) tu = (1 + g)" 1 Ar 1 [a*da + c*dc + g(ada* + g 2 cdc*)]. 

It is then easy to see that for g — > 1 one has wo — > 0. This differential calculus reduces in 
the classical limit to the natural three-dimensional bicovariant calculus on SU(2). 
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This first order differential AD + calculus is a *-calculus: the *-structure on ,A(SU g (2)) 
is extended to an antilinear *-structure on r2 1 (SU (? (2)), such that (dx)* = d(x*) for any 
x G ^4(SU ? (2)). For the basis of left invariant 1-forms is just 



(2.21) 



-U . 



From 0A.6p one works out the bimodule structure of the calculus, obtaining: 



(2.22) 



uj_a = aw_ — gc wo, 
w_a* = a*w_, 

UJ-C =cu_, 



w + a = aa; + , 

u + a* = a*u + + ccuo, 

u + c = cu + , 



c*u + — q 1 aojQ 



ui a = q au , 

u a* = qa*u , 
-l, 



UJ C 



q ^cu , 



as well as: 



(2.23) 



q Vw , 



u z a = qauj z — q(q — q )c*uj + + qcnj 
u z a* = (q — g _1 )ca;_ + q~ a*u> 
u z c = qcuj z + (q — q~ 1 )a*uo + + qcu , 
co z c* = —q~ x (q — g~ 1 )aw_ + q~ l c*u z — q~ c*U)q. 



The ^4(SU 9 (2))-bicovariant bimodule f2 2 (SU,j(2)) of exterior 2-forms is defined by the 
projection given in (TOD , with <sg } = ker 2l< 2 > = ker (1 - a) C Q 1 (SU q (2))® 2 . This 
necessitates computing the braiding as in (1A.8j) . a preliminary step being the computation 
as in (1A.7D of the right coaction on the left invariant basis forms, (oo a ) = w& <8> Jba- For 
the calculus at hand: 



(2.24) 



Jh 



( a* 2 (l + g 2 )a*c 
—qa*c* aa* — cc* 

-qc* 2 (q + q^)ac* 
\ 



—qc 2 (1 — q 2 )a*c \ 

-ac (q 2 - l)cc* 

a 2 (q~ l - q)ac* 

1 
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The braiding map a : fi 1 (SU g (2))® 2 -> ^(SU,^))® 2 is then worked out [7j to be: 

cr(w_ !g) w_) = w_ £g> w_, ct{uj + (g) w + ) = w + (g) w + , cr(w (g) w ) = w (g> w , 

a(w z (g w a ) = w z (g> w z + (g 2 — g~ 2 )(w z (g) w + w_ (g) w + — w + g) w_), 

cr(w_ (g) w + ) = w + (g) w_ — w z (g> Wo, 

cr(w + ® w_) = w_ (g) w + + w z ® wo, 

cr(w_ (g) W a ) = w z (g) w_ + (1 + q 2 )uj- <g> Wo, 

cr(w z (g) w_) = (1 — g~ 2 )w z (g) w_ + g _2 w_ (g) w z — (1 + g~ 2 )w_ (g) w , 
<x(w_ (g) w ) = w <g> w_ + (1 — g 2 )w_ ® w , 
cr(w (g) w_) = g 2 w_ (g) w , 

cr(w z (g) w+) = g 2 w+ <g> w z + (1 - g 2 )w z (g) w+ + (1 + g 2 )w + <g> w , 
cr(w + <g) w z ) = w z <g) w+ — (1 + g~ 2 )w + (g) w , 

a(w z (g) w ) = w <g> w z + (q - g~ 1 ) 2 (w+ (g) w_ — w_ (g) w + ) — (g — g~ 1 ) 2 w z <g> w , 
er(w (g) w 2 ) = w z <g> w , 

cr(w + (g) w ) = w <g> w + + (1 — g~ 2 )w + <8) w , 

(2.25) a(w <g> w + ) = g~ 2 w + (g> w . 

By defining 9 A 9' = (1 — er)(# (g> #'), the g- wedge product on 1-forms is: 

w_ A w_ = w + A w + = w A w = 0, 
w z A w z — (g 2 — g~ 2 )w+ A w_ = 0, 
w z A w± + g ±2 w± A w z = 0, 
w± A w + w A w± = 0, 
w + A w_ + w_ A w + = 0, 

(2.26) w z A Wo + Wo A w z — (q — g _1 ) 2 w_ A w + = 0. 

These relations show that dim Q 2 (SXJ q (2)) = 6. The exterior derivative on basis 1-forms 
result into: 

dw-t = =f g ±1 w_ A w z , 
dw z = (q + g _1 )w + A w_, 

2.27 dw = p w_ A w+. 

(g-g 2 )U + g) 

The antisymmetriser operator 21^ : f2 2 (SU g (2)) — >■ f2 2 (SU g (2)) has an interesting spectral 
decomposition, which will be used later on to introduce Hodge operators. On the basis 

ipo = w_ A w , f z = w_ A w + (1 — g~ 2 )w_ A w z 

(2.28) ^ = w + Aw , ip z = w + A Wo — (1 — g 2 )w + A w z 

t/j± = w A w z + (1 - g ±2 )w_ A w + , 



CALCULI, HODGES AND LAPLACIANS 



9 



which is such that (p^ = ip , (p* z = ip z and ipt — it holds that 

(2 29) a(2)( ^ o) = (1 + q ^ = (1 + g2) ^' a(2)(V;+) = (1 + ^ 

^ 2 \ Vz ) = (1 + <r 2 )^, Sl^o) = (1 + <T 2 )^o, 2l( 2 )(^_) = (1 + <T 2 )^- 

For later use we shall use the labelling £( ± ) £ £(±) with 
(2.30) £( + ) = {tp ,i() t ,il) + }, and = {tp z , 

By proceeding further, the ^4(SU (? (2))-bimodule f2 3 (SUq(2)) is found to be 4-dimensional 
with left invariant basis elements: 



(2.31) 



with xl = — q 2 x+, Xo = Xo an d X* — Xz- These exterior forms are closed, 

(2.32) d Xa = 0, 
and in addition satisfy 

(2.33) rt 3 \xa) = 2(l + q 2 + q~ 2 )Xa 

for a = — , +, z, 0, thus providing the spectral decomposition for the antisymmetriser 
operator 21^ : fi 3 (SU 9 (2)) — >■ f] 3 (SU g (2)): 

The ^(SU 9 (2))-bimodule fi 4 (SU 9 (2)) of top forms (fi fc (SU g (2)) = for A; > 4) is 1 
dimensional. Its left invariant basis element /i = w_Aw + Aw z Awo is central, i.e. x/i = fix 
for any x £ ^4(SU g (2)) and its eigenvalue for the action of the antisymmetriser is 



(2.34) 



2t (4) (y") = 2(g 4 + 2g 2 + 6 + 2g~ 2 + g~ 4 )/i. 



2.3. The exterior algebra over the quantum sphere S 2 . The restriction of the AD+ 
bicovariant calculus endows the sphere S 2 with a left covariant 3-dimensional calculus 
[TJ [27]. The exterior algebra fi(S 2 ) over such a calculus can be characterised in terms 

ro< 

derivative d : A(S 2 ) h-» fi x (S 2 ) from ( I2.17P acquires the form: 



of some of the bimodules C n introduced in $2] . Given / £ A(S 2 ) ~ C , the exterior 



(2.35) 



df = (L_>/)w_ + (L+>f)u+ + (L >f)u . 



Notice that the basis 1-forms {ui a , a = —,+,0} are graded commutative (cf. (I2.26P ). 
Furthermore, relation ( 12. lip shows that (L±of) £ £± 2 and that (L >f) £ C , while the 
^4(SU g (2))-bimodule structure of f2 1 (SU g (2)) described by the coproduct (I2.16P of the 
quantum derivations L a gives: 



0w„ = (f) — q 1 u (L + >(f) 
(2.36) <p'u + = LO + (p' - qtu (L_xp'), 
<P"to = Lu (K- 2 ><j ) "), 



w„0 = + q(L + K 2 >(j))ojo, 
co + (p' = (p'co + + q- l (L^K 2 xj)')uj^ 
cu <P" = (K 2 ><P")ioo- 
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These identities are valid for any 0, 0', 0" e *4(SU g (2)). They allow one to prove by 
explicit calculations the following identities: 

G £_2 : d(0w_) = (L + >0)w + Aw_ + (L o >0)wo A w_, 
0' G £ 2 : d(0'u; + ) = (L_>0')w_ A w + + (L o >0')w o A w + , 

(2.37) 0" G £ : d(0"w o ) = (L_>0")w_ Aw + (L+>0")w- Au + 0"dw o , 

and 

G £_2 : d(0w_ A Wo) = (L+>0)w + Aw_ A Wo, 

0' G £ 2 : d(0'w o A w + ) = (L_>0')w_ A w A w + , 

(2.38) 0" G £ : d(0"w_ A w+) = (L o >0"Vo Au_A w+. 

Together with the anti-symmetry properties (I2.26p of the wedge product in f2(SU g (2)), 
these identities give: 

Proposition 2.1. The exterior algebra f2(Sjj) obtained as a restriction of tt(SXJ q (2)) asso- 
ciated to AD + calculus on SU g (2) can be written in terms of A{$ 2 q )-bimodule isomorphisms: 

tt\S 2 q ) ~ £_ 2 u>- © £ 2 w+ © C cu 

fi 2 (Sj) ~ £_ 2 (w_ A w ) © £o (w_ A w+) © £ 2 (w A w+) 
n 3 (Sj) ~ £ w_ Aw + Aw 

The basis element w_ A w + A w commutes with all elements in £ — A(S 2 ). Such 
a calculus is 3 dimensional, since from ( I2.32p one has d(0"w_ A w + A Wo) — 0, for any 
0" G ^(Sj), and from fl2T26|l one has that Vl l {$ 2 q ) A (w_ Au + A w ) = 0. 

From ( I2.17P and (I2.18P the differential can also be written as 

(2.39) df = w_(i2_>/) + ou + (R + t>f) + oj (R >f), 

and it is easy to check the following relations, analogues of the previous (]2.37p . ( 12 .38j) : 

G £_2 : d(w_ 0) = — w„ A w + (i? + >0) - u„Au (i? o >0), 
0' G £ 2 : d(w+ 0') = -w + A w_ (R_xj)') - w + Aw (R >(j)'), 

(2.40) 0" G £ : d(w 0") = dw A 0" -u Aw„ (i?_>0") -u Aw + (i?+>0"); 

and 

G £_2 : d(w_ A w 0) = w_ A Wo A w + (i? + >0), 

0' G £ 2 : d(w A w+ 0') = w A w+ A w_ (i?„>0'), 

(2.41) 0" G £ : d(w_ Aw + 0") =w_ Aw+ Aw o ( J R o >0")- 
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3. Hodge structures on fi(SU 9 (2)) 

As described in §2.2[ it holds for the bicovariant forms of the AD + first order bico- 
variant calculus that the spaces O fc (SU 9 (2)) of forms are free ^4(SU 9 (2))-bimodules with 
dim n k (SXJ q (2)) = dim n 4 -*(SU,(2)), and dimft 4 (SU,(2)) = 1. Our strategy to intro- 
duce Hodge operators on f2(SU g (2)) in §3.2l uses first suitable contraction maps in order to 
define Hodge operators on the vector spaces Q k nv (SXJ q (2)) of left invariant k- forms; we ex- 
tend them next to the whole Q k (SXJ g (2)) by requiring (one side) linearity over ,A(SU ? (2)). 
This follows an alternative although equivalent approach to Hodge operators on classical 
group manifold that we describe first in §3.11 A somewhat complementary approach to 
the one of §3.2[ more suitable when restricting to the sphere S 2 , is then given in §3.31 

3.1. Hodge operators on classical group manifolds. Let G be an ^-dimensional 
compact connected Lie group given as a real form of a complex connected Lie group. The 
algebra A(G) = Fun(G) of complex valued coordinate functions on G is a *-algebra, 
whose *-structure can be extended to the whole tensor algebra. A metric on the group G 
is a non degenerate tensor g : X(G) <S> X(G) — > A{G) which is symmetric - i.e. g(X, Y) = 
g(Y,X), with X,Y £ X(G) - and real - i.e. g*(X,Y) = g(Y*,X*) -. Any metric has 
a normal form: there exists a basis {9 a ,a = 1, . . . N} of the ^4(G)-bimodule Q 1 (G) of 
1-forms which is real, 9 a * = 9 a , such that 

(3.1) 9 = Y?* ^e a ®e b 

' 'a,b=l 

with rjab = ±1 • 5 a b- Given the volume A r -form /i = jj* := 9 1 A . . . A 9 N , the corresponding 
Hodge operator * : Q k (G) — > Q N ~ k (G) is the ^4.(G)-linear operator whose action on the 
above basis is 

* (1) = /i, 

(3.2) *(9 ai A... A6 ak ) = - ^t-tV e ai -\ h 9 hl A . . . A b N ~ k , 

with e ai - ak b ^ ■— J2s k r l aiSl ■ ■ ■ r l akSke s 1 ...s k b 1 ...b N _ k from the Levi-Civita tensor and the 
usual expression for the inverse metric tensor g" 1 = J2ab=i V ab L a <&Lb with J^bV^Vbc = 8" 
on the dual vector field basis such that 9 b (L a ) = 5 b . The Hodge operator (13.21) satisfies 
the identity: 

(3.3) * 2 (0 = sgn(g)(-l)^ N - k k 

on any £ G Q k (G). Here sgn(g) = det(?7 a f,) is the signature of the metric. 

Hodge operators can indeed be equivalently introduced in terms of contraction maps. 
By this we mean an ^4(G)-sesquilinear map T : Q 1 (G) x Q l (G) — > A(G) such that 
r(/ 4>,rj) = f*T((p,r]) while r(0, r] f) = r(0, r/)f for / G A{G). Such a map can be 
uniquely extended to a consistent map T : n k (G) x n k+k '(G) ->■ n k '(G). We postpone 
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showing this to the later §3.21 where we prove a similar statement for the bicovariant cal- 
culus on SU g (2). Having a contraction map, define the tensor g : x — > A{G): 

(3.4) S(<^):=r(0*,r/). 

Next, with a volume form fi, such that /i* = /i, define the operator L : Q k (G) — > Q N ~ k (G) 
as 

(3-5) L(0:=^r*(e,/x) 

on £ e f2 fe (G), having used the notation •) = (T(-, •))*. A second *4.(G) -sesquilinear 
map { , } : Q k (G) x Q k (G) — > A{G) can be implicitly introduced by the relation 

(3.6) A 

For any pair of k- forms £, £' it is straightforward to recover that 

(3.7) = ^r*(£',0- 

The operator ( 13. 5 j) is not in general an Hodge operator: one has for example L(l) = /U 
as well as L(fi) = det(T*(/i, /x)) which is not necessarily ±1. To recover the standard 
formulation for a Hodge operator, one has to impose two constraints: 

(a) An hermitianity condition. The sesquilinear map V is said hermitian provided it 
satisfies: 

(3.8) {^} = r(&7j), 

for any couple of 1-forms and r). 
From flHTD and (JHJ| it holds that {0,r/} = T*(r], 0).Then 

(3.9) {0,r ? } = r(0,r / ) ^ T(<f>, rj) = T*(r], 0). 

If the sesquilinear form T is hermitian, one can prove that the expression (13. 7p becomes 

(3.10) {£,£'} = ^r(£,0- 

(b) A reality condition, namely a compatibility of the operator L with the ^-conjugation: 
(3.H) = 

on 1-forms. 

If these two constraints are fullfilled, the tensor g in (13 .4p is symmetric and real: it is 
(the inverse of) a metric tensor on the group manifold G. The operator L turns out to 
be the standard Hodge operator corresponding to the metric given by g, and satisfies the 
identities: 

(3.12) L 2 (£) = (-l)^" fc )^n(r)£, {£,£'} = sgn(T){L(0,m} 

with 

sgn(T) := (det(r(0<\ b ))| det(r(0<\ = sgn(~g). 
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Moreover, the operator L turns out to be real, that is it commute with the hermitian 
conjugation *, on the whole exterior algebra Q(G). 

The above procedure could be inverted somehow. That is, given an hermitian con- 
traction map T as in (13.81) . define the operator L by (13.51) . The corresponding tensor g 
turns out to be real, but non necessarily symmetric. Imposing L to satisfy one of the two 
conditions in (I3.12p - they are proven to be equivalent - makes the tensor g symmetric, 
that is the inverse of a metric tensor, whose Hodge operator is L. 

3.2. Hodge operators on f2(SU g (2)). In this section we shall describe how the classical 
geometry analysis of the previous section can be used to introduce an Hodge operator on 
both the exterior algebras fi(SU g (2)) and ^(S^) built out of the 4.0-bicovariant calculus a 
la Woronowicz on A(SXJ q (2)). A somewhat different formulation of contraction maps was 
also used in [T6l [T7] for a family of Hodge operators on the exterior algebras of bicovariant 
differential calculi over quantum groups. 

We shall then start with a contraction map T : ^ W (SU ? (2)) x ^ W (SU ? (2)) C 
required to satisfy r(Ao;,?7) = \*T(u,r]) and T(u,r]X) = T(u,r])X, for A G C. The natural 
extension to T : n® k (G) x lP fc+fc '(G) -> fi® fe '(G) given by 

(3.13) T(0 ai ® . . . ® <p a \ <g> . . . <g> : = (n* =1 T{<p , </> b ')) <p bk+1 ® • • • <g> <p bk + k \ 

with the assumption that T(l, <p) = (p for any <p G f2(SU g (2)), can be consistently extended 

to give a contraction map T : Q k (G) x Q k+k ' (G) — > Q k '(G), via 

(3.14) 

T(4> ai A ... A (f> ak ,(p bl A . . . A <f) b *+>°') := T(% {k \(f) ai <g> . . . <g> 4> ak ), ^ k+k '\^ ® . . . <g> 6 *+*')). 

This comes from the /c-th order anti-symmetriser 2t^, constructed from the braiding of 
the calculus, and used to define the exterior product of forms, 

(3.15) (j) ai A ... A (j) ak := 2l (fe) (0 ai ® • • • <g> afc ); 
the key identity for the consistency of (13.141) is 

(3.16) 2l (fc+fe,) (0 ai <g> • ■ ■ ® afc+fc ') = (2l (fe) ® 2l (fc,) )(V , a^ 1 (g> • • • <g> a <=+*')), 

where S^/c, fc') is the collection of the (fc, fc')-shuffles, permutations cr^ of {1, . . . , k + k'} 
such that crj(l) < ■ ■ • < o-j(k) and <r.,(fc + 1) < . . . < aj(k + k'). The identity (13.161) is 
valid for any bicovariant calculus a la Woronowicz on a quantum group. It allows to show 
that any {k + /c)'-form can be written as the tensor product of a fc-form times a /c'-form. 

To proceed further, we use a slightly more general volume form by taking \i — \i* — 
imu^ A uj + A Uq A u z , with m G R. Then we define an operator 

^:fiL(SU 9 (2))^^(SU 9 (2)), 

in degree zero and one by 



(3.17) 



* (1) := T*(l,/i) = /I and * (u) a ) := T*(uj a , fi). 
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For tti nv (SXJ q (2)) with k > 2 we use the diagonal bases of the antisymmetriser, that is 

(3.18) 2l«(0 = A^, 

with coefficients in (I2.29p . (I2.33P and ( I2.34p respectively. On these basis we define 

(3.19) *(():4 r *(U). 

Here and in the following we denote (r( , ))* = T*( , ). The definition (I3.19P is a 
natural generalisation of the classical ( 13. 5p : the classical factor k\ - the spectrum of the 
antisymmetriser operator on /c-forms in the classical case, where the braiding is the flip 
operator - is replaced by the spectrum of the quantum antisymmetriser. Also, the presence 
of the *-conjugate comes from consistency and in order to have non trivial solutions. 

Before we proceed it is useful to re-express the volume forms in terms of the diagonal 
bases of the ant-symmetrietrizer operators. Some little algebra shows that 

H = im{-uj_ ® x*+ + w+ ® X- + w o ® X*o ~ u z <8> x* z } 

(3.20) fi = im{-Xz ® u* z + X- ® w+ - x+ ® ^* + Xo ® wJJ}, 
and 

17T7 C 

(3.21) M = -_{__(^_®^;-^ + ®^) 

+ (tfV (8) ^ - ® ^ + <? 2 <Ao ® ^ - ® ^o)}- 

A little more algebra shows in turn that on 1-forms 

(3.22) * (w B ) = im{r*(u; a ,u;„)x+ - T*(u a ,uj + )x~ - T*(w a , w )xo + r*(w a , u z )xz}\ 
and that using the bases f)2.30p . on 2-forms 

* (£(+)) = 737! YTV 2 ^ r *(£(+)>^+ - r *(£(+),^-) + (g 4 r(£( +) ,^Vo 



r *(^(+), vo)y z + 9 r* (£(+), Vo)^z - 9 r*(^ (+) , ^)^ ) 



(3.23) 



* (£(-)) = tt^ 0? 4 r*(£ H ,^ + - r*(£ H ,^-) + (g 4 r*(£ ( -),^Vo 



im r 1 

g 2 — q~ 2 1 1 + q' 2 

- r(e ( _), <aM + <? 2 r*(£ ( -), VoW* - ?" 2 r*(e ( -), | 

As for 3-forms one finds 

(3 - 24) *^ = ~ 2(i+7T7 5 ) {~ r ' (x " x+) "- 

+ r*(xa, + r*(xa, xoVo - r*(x a , 

and finally for the top form 
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As in (I3.6p we define the sesquilinear map { , } : fif n „(SU 9 (2)) x fif n „(SU g (2)) -> C by 

(3.26) {e,e>:=e*A*(eo- 

Then, mimicking the analogous construction of §3.11 we impose both an hermitianity and 
a reality condition on the contraction map. 

(a) A contraction map is hermitian provided it satisfies: 



(3.27) 



{u a , u b } = T(u a , L0 b ), for a, b = -,+,z, 0. 



Given contraction maps fullfilling such an hermitianity constraint, from the first line in 
(I3.22p one has that Y{uj a ,ui b ) = T*(ub,uj a ). i.e. T a b = Tl a . With such a condition it is 
moreover possible to prove, that for with k = 2, 3, 4, 



(3.28) 



on any £, £' G fl* nt ,(SU 9 (2)) of a diagonal basis of the antisymmetrizer as in (I3.18p . The 
above expression is the counterpart of (I3.10P for a braiding which is not just the flip 
operator. 

(b) An hermitian contraction map is real provided one has 



(3.29) 



again on a diagonal basis of This expression generalises the classical one 03. lip . 

Notice that it is set on any Q^ nv (Sl] q (2)) , and not only on 1-forms as in the classical case. 

The requirement that the contraction be hermitian and real results in a series of con- 
straints. Firstly, the action on flj nv (S\J q (2)) of the corresponding operator * as defined in 
(I3.17P is worked out to be given by 



(3.30) 



V u z ) 



( a ^ f x- \ 

-q 2 a 

-v e 

\ 0-67/ 



X+ 
Xo 

V x, ) 



The only non zero terms of the contraction T are given by 



(3.3i; 



++ = 



r 



Or. 



zO 



Too = v, 



7, 



with parameters that are real and satisfy in addition the conditions: 



(3.32) 



2u + (q 2 - q~ 2 )e = 0, 

2(e 2 - 71/) + (g - g" 1 ) 2 (2g 2 a 2 + e 2 ) = 0. 
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On Qf nv (SXJ q (2)) the action of such operator is block off-diagonal, 



l L - 1 



I rOo,<A)) o 

q 4 T(ip z ,ip z 
v 



\ / ¥z \ 

V'o 





r(^ + ,y-+) 

l+q 2 



) 



(3.33) 



/ tp g \ 



im 



1-q 4 



q 2 T((p ,(p ) 
y 



while on fi? nv (SU,(2)) is 



(3.34) 



/x-\ 

x+ 

An 

V x, , 

im 



2(1 + q 2 + q~ 2 ) 





q 2 T(x-, X-) 









l+q 2 





( 


^0 












) 


I 


^+ 


J 



-r(x-,x-) o o \ 

ooo 

o -r(xo,xo) r(x z ,xo) 
o -r(xo,x*) r(xz,xz) J 



/ CO \ 



u 



It turns out that the square of the operator * is not necessarily diagonal. An explicit 
computation shows moreover that when q ^ 1, given the constraints f)3.32p there is no 
choice for the contraction T, nor for the value of the scale parameter m G M. in the 
volume form such that the spectrum of the operator * 2 is constant on any vector space 
Q^ nv (Sl] g(2)) . This means that the operator * does not satisfy the classical expressions in 
f)3.12p . We choose a particular value for the parameter m defining 

1 dcti r 

(3.35) det T := — T(u^ A u + A u A u z , A u + A u A u z ), sgn(T) :- 



A M u ' " u n a v ' | detr| 

and imposing 

(3.36) * 2 (1) = sgnp), 
which is clearly equivalent to the constraint 

(3.37) m 2 = |detr| -1 . 
From now on we fix the orientation, and set sgn(T) = 1. 

We finally extend the operator * to the whole exterior algebra. This can be defined in 
two ways, i.e. we define Hodge operators * L ,* R : Q k (SU q (2)) — > Q A ~ k (SU q (2)) by: 

(3.38) :=ii(u), * R (ux) := (*lj)x, 

with x G ^4(SU g (2)) and oj G Q inv (SXJ q (2)). Both operators will find their use later on. 
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3.3. Hodge operators on fi(SU 5 (2)) — a complementary approach. The procedure 
used in the previous section can not be ipso facto extended to introduce an Hodge operator 
on fi(S^): it is well-known that fi fc (S^) are not free ^(Sg)-bimodules (as also evident from 
the description in §2.3p and the tensor product Q® 2 (S 2 ) has no braiding. 

In order to construct a suitable Hodge operator on the quantum sphere, we shall export 
to this quantum homogeneous space the construction of [19], originally conceived on the 
exterior algebra over a quantum group. The strategy largely coincides with the one 
described in [34J and presents similarities to that used in [8] where a Hodge operator has 
been introduced on a quantum projective plane. 

We start by briefly recalling the formulation from [BJ]. Consider a *-Hopf algebra % 
and the exterior algebra f2("H) over an iV- dimensional left covariant first order calculus 
{n l {U)i&)i with &mVL N - k (U) = dimn k (H) and dimn N (H) = 1. Suppose in addition 
that H has an Haar state h : H — > C, i.e. a unital functional, which is invariant, i.e. 
(id<S)h)Ax = (h (g) id)Ax = h(x)l for any x G "H, and positive, i.e. h(x*x) > for all 
x G %. An Haar state so defined is unique and automatically faithful: h(x*x) = implies 
x = 0. Upon fixing an inner product on a left invariant basis of forms, the state h is 
then used to endow the whole exterior algebra with a left and a right inner product, when 
requiring left or right invariance, 

(x u, x' uj') L := h(x*x') (u, cu') , 
(3.39) (to x, J x') R := h{x*x') (u, J) 

for any x, x' G W and u,u f in Q, inv (H). The spaces Q k (H) are taken to be pairwise 
orthogonal (this is stated by saying that the inner product is graded). 

The differential calculus is said to be non-degenerate if, whenever t] G Vt k (1-L) and 
t]' Arj = for any rj' G Q N ~ k (l-L), then necessarily t] = 0. Choose in tt N (y-t) a left invariant 
hermitian basis element fi = fi*, referred to as the volume form of the calculus. For the 
sake of the present paper, we assume that the differential calculus has a volume form such 
that \i x — x \i for any x G "H (this condition is satisfied by the 4D + bicovariant calculus 
on SUq(2) that we are considering). Then one defines an 'integral' 

/ :Q{H)->C, fx^ = h(x), for igK, 

J fi J fi 

and rj = for any A;-form rj with k < N. For a non-degenerate calculus the functional 
/ is left-faithful: if rj G Vt k {V) is such that / rj' A rj = for all rj' G n N - k (H), then rj = 0. 
The central result is [T9] : 

Proposition 3.1. Consider a left covariant, non- degenerate differential calculus on *- 
Hopf algebra, whose corresponding exterior algebra is such that dim Vt N ~ k {T-L) = dim Q k (H) 
and dim f2 JV ('H) = 1, with a left-invariant volume form \i — \l* satisfying xfi = fix for 
any x G T-L. If Vt{T-L) is endowed with inner products and integrals as before, there exists 
a unique left H-linear bijective operator L : Q k ('H) — > Q N ~ k ('H) for k = 0, . . . , N (resp. a 
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unique right %-linear bijective operator R) such that 

(3.40) / 77* A L(r)') = (r), r() L , [ 77* A R{rf) = (r), r)') R 

for any r), r)' G VL k {T-L). 

We mention that there is no R operator in [19]. It is just to prove its right "H-linearity 
that one needs the condition x\x = fix for the volume form fi with x G %. 

We are now ready to make contact with the previous §3.21 The 4D + differential calculus 
on SUg(2) is easily seen to be non degenerate. On the other hand, the Haar state functional 
h is given by (cf. [IS]): 

( 3 - 41 ) Ml) = 1; H(cc*) k ) = (£* n ^ = TTTT T 

^—0=0 1 + <^ + . . . + q lK 

with fcGN, all other generators mapping to zero. 

Now, use the sesquilinear map (I3.26P for an inner product (00,00') := {w,w'} on gener- 
ators of Qi nv (SU q (2)) and extend it to a left invariant and a right invariant ones to the 
whole of Qi nv (SXJ q (2)) as in (I3.39j) using the state h. The uniqueness of the operators L 
and R from Proposition 13.11 then implies that the extended left and right inner products 
are related to the left and right Hodge operators (I3.38P by 

(3.42) f 77* A (* L 77') = (77, V ') L , 1 77* A (** 77') = (77, rf) R 

J fi J fi 

for any 77, rj' G Q k ('H). 

4. Hodge structures on fi(Sg) 

From the previous section, the procedure to introduce Hodge operators on the quantum 
sphere appears outlined. Inner products on f2(SU 9 (2)) naturally induce inner products 
on fi(Sg), and we shall explore the use of relations like the (I3.42p above to define a class 
of Hodge operators. 

The exterior algebra fi(S^) over the quantum sphere Sjj is described in §2.31 In partic- 
ular, we recall its description in terms of the ^4.(Sg)-bimodules C n given in (12.101) : 

n°(sj) * A{$ 2 q ) ~ Co 

fl 1 (Sj) ~ £_ 2 w_ ©£ 2 w+ ffi£ w ^ w_ £_ 2 © w + £ 2 © w Co 
tt 2 (S 2 q ) ~ £„ 2 (w_ A w ) © £ (w_ A w+) © £ 2 (w A w+) 

~ (w_ A w ) £_ 2 © (w_ A oo+) Co © (w A w+) £ 2 
(4.1) ^ 3 (Sg) ~ £ w_ A w + A w ~ w_ A w + A w £ • 

In the rest of this section, to be consistent with the notation introduced in §2.31 we shall 
consider elements <fi, tp G £_2, elements 4>',ip' G £2 and elements 4>",ip" G £o- 

Lemma 4.1. The above left covariant 3D calculus on is non- degenerate. 
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Proof. Given 9 G f2 fe (Sj?) the condition of non degeneracy, namely 6' A 9 = for any 
9' G n 3 ~ k (S 2 q ) only if 9 = 0, is trivially satisfied for k = 0, 3. 

From (14.1 j) take the 1-form 6* = 0w_ and a 2-form 0' = ^ w_ Aw +^ / w+Aojo+' ? A // W- Aw + . 
Using the commutation properties (I2.36P between 1-forms and elements in ^4(SU ? (2)), one 
has 9' A 9 = {ip'(K 2 xf)) - ifj"(q~^ KEtxp)}u^ Aw + Au , so that the equation 9' A 9 = for 
any 6 1 ' G fi 2 (Sg) is equivalent to the condition {ip'(K 2 xj)) — ijj"(q~2 KExf))} = for any 
9' G Q 2 (S 2 ); taking = ^'a;^ Aojq, one shows that this condition is satisfied only if <ft = 0. 
A similar conclusion is reached with a 1-form 9 = 4>'uj + , and with a 1-form # = </>"o;o- 

Consider then a 2-form 9 = (pu^ A Uq, and a 1-form = i\)i>j_ + ^//u; + + ip"u)Q. Their 
product is 9' A9 = (^)w + Aw_Aw , so that the condition 9' A9 = 0, for all 9' G ^(S 2 .) is 
equivalent to the condition ip'cj) = for any ip'; this condition is obviously satisfied only by 
= 0. It is clear that a similar analysis can be performed for any 2-form 9 G Q 2 (S 2 ). □ 

The Haar state h of A(S\J q (2)) given in (13.411) yields a faithful and invariant state when 
restricted to A(S 2 ). As a volume form we take fi = rhu^ A u + A uq = fi* with mGl It 
commute with algebra element, f fi = fi f for / G A(S 2 ), so the integral on the exterior 
algebra fl(S 2 ) can be defined by 

9 = 0, on 9 G fi fc (Sj), for A; = 0,1,2, 

(4.2) / ffi = h(f), on //ie^). 

Lemma 4.2. T/ie integral f, : fi(S^) — >■ C defined by (14. 2p is left- faithful. 

Proof. The proof of the left-faithfulness of the integral can be easily established from a 
direct analysis, using the faithfulness of the Haar state h. □ 

The restriction to Q(S 2 ) of the left and right ^4.(SU g (2))-linear graded inner products 
on n(SU g (2)) in (I3.42p gives left and right .4. (S 2 .)- linear graded inner products on fi(S^): 

(4.3) (9,9')^:=(9,9') L ] (9,9')^ := (9,9'f 

with 9, 9' G fi(S 2 ). The analogue result to relation (I3.42p is given in the following 

Proposition 4.3. On the exterior algebra on the sphere S 2 endowed with the above graded 
left (resp. right) inner product, there exists a unique invertible left A(S 2 )-linear Hodge 
operator L : Q k (S 2 ) — > Q 3 ~ k (S 2 ), (resp. a unique invertible right A(S 2 ) -linear Hodge 
operator R) for k = 0,1, 2, 3, satisfying 

(4.4) / 9* A L{9') = (9, 9')^ , j 9* A R{9') = (9, 9')f, 
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for any 9, 9' G Q k (S 2 ). They can be written in terms of the sesquilinear map (I3.26P as: 
(4.5) 

L(l)=/2, L(p) = {/2,/2} 

L((f)UJ-) = ma<f)U- A ujq , Z/(0w_ A u ) = m A uj , w_ A cj o }0w_ , 

L((j)'u! + ) = m q 2 a 0'wo A u + , L((j)'uJo A oj + ) = m {u + A ujq, uj + A ujq] 4>'uj + , 

L(cu ) = —fav A u + , L(cj- A w + ) = — fa {w_ A w + , A u + } uj 

and 
(4.6) 

R(l)=jM, = {£,£} 

R(u- 0) = fnq 2 a w_ A u , i?(w_ A c^o 0) = rh> q 2 {u~ A cjo, w_ A Wo} w_ 0, 

-R(a; + 0') = m a w A u; + 0', -R(^o A w + 0') — ^ <? 2 { w + A w , u; + A w } w + 0', 

^(a; ) = — mz/ w_ A cj + , R{u- A w + ) = —fa Au +1 w_ A w + } u . 

Proof. For the rather technical proof we refer to [31], where the same strategy has been 
adopted for the analysis of a Hodge operator on a two dimensional exterior algebra on S 2 .. 
Here we only observe that the uniqueness follows from the result in Lemma 14.21 Given 
two operators L,L' : ^'(S 2 ,) — > tt 3 ~ k (S 2 ) satisfying (14. 4p (or equivalently R,R'), their 
difference must satisfy the relation / 9'* A {1(9) - L'{6)) = for any 9, 9' E tt k (S 2 q ). The 
left-faithfulness of the integral allows one then eventually to get L{9) = L'{9). □ 

From f)2.3ip and (I2.33P it is fx = fa Xz, so we define 

(av\ a + r T (Xz,Xz) ^ det(f) 

4.7 detr:=— - — , sqn(T) := — 

V ; 2(l + g 2 + g~ 2 )' y V ; | detr| 

and set 

fa 2 det T := sgn(T) 

as a definition for the scale factor m 6 R. This choice clearly gives L 2 (l) = R 2 {1) = 
sgn(T). Again we fix the 'orientation' so that sgn(T) = 1. 

We conclude by noticing that the Hodge operators (14.51) and (14.61) are diagonal, but still 
there is no choice for the parameters (13.311) and (I3.32p of a real and hermitian contraction 
map such that a relation like (I3.12p is satisfied. 

5. Laplacian operators 

Given the Hodge structures constructed in the previous sections, the corresponding 
Laplacian operators on the quantum group SU g (2), 

D su g (2) = ^(SU,(2)) A(SV q (2)), □su a (2)(x) := -* L d* L dx, 

n su,(2) : ^(SU 9 (2)) ^(SU,(2)), □su 9 (2)(x) := - * R d dx 

can be readily written in terms of the basic derivations (I2.14p and (12.181) for the first order 
differential calculus as 

n sv q (2) x = {a(L + L„ + q 2 L_L + ) + u L L + 7 L Z L Z + 2eL L z ] >x, 
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and 

(5.2) a sv q (2) x = {« (q 2 R+R- + R-R+) + vRqRq + lR z R z + 2eR R z }>x, 

with parameters given in (I3.3ip . 

From the decomposition (12.91) and the action (12. lip it is immediate to see that such 
Laplacians restrict to operators In order to diagonalise them, we recall the 

decomposition (12.121) . The action of each term of the Laplacians on the basis elements 
{0n,j,«} in (12.131) can be explicitly computed by (12.51) . giving: 

L_L+>0 niJii = q~^ n [J -\n][J+\- \n] (f) n ^i , 

L+L„>0 niJi/ = q 1 "" 1 [J + ~n][J + 1 - \n] (f) n ,j,i , 

L z t><f) n ^i = -q~^ n [\n] <f) nJ j , 

(5.3) £ O >0n,J,Z = {[J+ \f ~ [\f)K,J,l = [J][J+l)<j>n,J,l- 

Here for the labels one has n £ N with J = ^ + Z and 1 = 0,..., 2 J. 
The Laplacians on the quantum sphere are, with / £ A(S 2 ): 

(5.4) □|/:=-LdLd/= {a L + L_ + q 2 a L_L + + v L L }t>f, 
and 

(5.5) □!,/ := -RdRdf = {q 2 a R + R_ + a R_R + + v R R } >f. 

They are both the restriction to S 2 of the Laplacian on SU 9 (2), the left and right one 
respectively. Their actions can be written in terms of the action of the Casimir element 
C q of Uq(su(2)), immediately giving their spectra. In fact they coincide on S 2 

n L s f = 2qa[C q + \ - [±] 2 ) + v{C q + | - [±] 2 ) 2 , 

(5.6) = 2qaL + uL 2 on ^(S 2 ). 
Using (15.31) . their spectra are readily found: 

(5.7) □^(^o.J.i) = {2qa[J][J + 1] + v[jf[J + l] 2 ) <j> , Jh 

with J £ N, I = 0, . . . , 2 J. We end this section by comparing these spectra to the spec- 
trum of D 2 , the square of the Dirac operator on S 2 studied in [3]. Some straightforward 
computation leads to: 

(5.8) spec( n^ R ) = specp 2 - [|] 2 ) & 2qa = 1, v = q~ 2 {q - q~ l )\ 

6. A DIGRESSION: CONNECTIONS THE HOPF FIBRATION OVER THE QUANTUM SPHERE 

A monopole connection for the quantum fibration -4(S 2 ) A(SU q (2)) on the standard 
Podles sphere - with a left-covariant 3d calculus on SU g (2) and the (corresponding re- 
striction to a) 2d left-covariant calculus on S 2 - was explicitly described in jl]. A slightly 
different, but to large extent equivalent [TU] formulation of this and of a fibration con- 
structed on the same topological data *4(S 2 ) A(S\J q (2)), but with SU 9 (2) equipped 
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with a bicovariant 4D calculus inducing on a left-covariant 3d calculus, are presented 
in [9]. The general problem of finding the conditions between the differential calculi on a 
base space algebra and on a 'structure' group, in a way giving a principal bundle structure 
with compatible calculi and a consistent definition of connections on it has been deeply 
studied [3 [251 EH EH] • The slightly different perspective of this digression is to follow the 
path reviewed in appendix [Bj namely to recall from [3] the formulation of a Hopf bundle 
on the standard Podles sphere starting from the 4D bicovariant calculus a la Woronowicz 
on the total space SU 9 (2), in order to fully describe the set of its connections. The first 
step in this analysis consists in describing how the differential calculus on SU g (2) naturally 
induces a 1 dimensional bicovariant calculus on the structure group U(l), and in which 
sense these two calculi are compatible. 



6.1. A ID bicovariant calculus on U(l). The Hopf projection (12. 7p allows one to 
define an ideal Qu(i) C kereu(i) as the projection Qu(i) = 7r (Qsu„(2))- Then Qu(i) is 
generated by the three elements 

t^tf-V + fiz-'-l), 

6 = (q 2 z + z~ x - (q 3 + q^))(q 2 z + z~ l - (1 + q 2 )), 

& = tfz + z- 1 -(q- 1 + <i l ))(z- 1 -z), 

and, since Ad(<2u(i)) C Qu(i) ® «4(U(1)), it corresponds to a bicovariant differential 
calculus on U(l). The identity 

-q(l + qY 1 (l + q 2 + q 3 + q 5 )- 1 {(q G -m 3 + (l + q 4 )^-q 2 (l + q 2 )^} = (z-l)+q(z- 1 -l) 
shows that £ = (z — 1) + q(z~ l — 1) is in <2u(i)- By induction one also sees that 

3 > : 2?{z - 1) = ? n ^" n ) + ~ ^ 

(6.1) j < o : z-W(* - 1) = -aJ2 bh ! q- n z n ~ lj] ) + q~ l3l (z - 1)- 

From these relations it is immediate to prove (as in [3]) that there is a complex vector 
space isomorphism ker £u(i) / Qu(i) — C. The differential calculus induced by Qu(i) is 
1-dimensional, and the projection 7Tq u(1 , : kereu(i) — * ker £u(i) / Qu(i) can be written as 

(6.2) vr Qu(1) : z j (z - 1) ^ j\z - 1], 

on the vector space basis <p(j) = z^(z— 1) in ker £u(i), with notation [z—1] G kereu(i)/ Qu(i)- 
The projection ( 16. 2 p will be used later on to define connection 1-forms on the fibration. 

As a basis element for the quantum tangent space ^q u{1) we take 

K~~ 2 - 1 

(6.3) X = L z 



q-q 1 



The *-Hopf algebras ^4.(U(1)) and U(l) ~ {K,K x } are dually paired via the pairing, 
induced by the one in (12 .4p between A(SV q (2)) and U g (su(2)), with 



(6.4) (K ± J z)=q^ J (K ± ,z- 1 ) = q 



±1 
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on the generators. Thus, the exterior derivative d : A(U(1)) — > fi 1 (U(l)) can be written, 
for any u G .4.(11(1)), as du = (Xt>u) 9 on the left invariant basis 1-form 9 ~ [z — 1]. On 
the generators of the coordinate algebra one has 

(6.5) dz = g ~ \ z9, dz- 1 = q l ~\ z- 1 9, 

q — q~ L q — q~ L 

so to have 9 — (q — l)(q — q~ 1 )~ 1 z~ 1 dz. From the coproduct AX = 1 <g> X + X ® K~ 2 
the .A(U(l))-bimodule structure in f2 1 (U(l)) is 

9 z ± = q ± z ± 9. 

6.2. Connections on the principal bundle. The compatibility - as described in App. [B] 
and expressed by the exactness of the sequence (1B.4[) - of the differential calculus U(l) 
presented above with the 4D differential calculus on SU g (2) presented in §2.21 has been 
proved in [3]. As a consequence, collecting the various terms, the data 

{A(SXJ q (2)),A(Sl),A(\J(l))^sv q (2) = r" 1 (SU,(2) ® Q SUg(2) ), Q u(1) ) 

is a quantum principal bundle with the described calculi. 

In order to obtain connections on this bundle, that is maps ( IB.7P splitting the sequence 
(IB. 4}) . we need to compute the action of the map 

^ SUg(2) : fi 1 (SU 3 (2)) „4(SU g (2)) ® (ker £u(1) /Q u(1) ) 

defined via the diagram ( IB. 3}) . Since it is left .A(SU 9 (2))-linear, we take as representative 
universal 1-forms corresponding to the left invariant 1-forms ( I2.2(jp in r2 1 (SU (? (2)): 

^,(2)^+) = {a5c-qc5a) 

n J&u (2)( Wo ) = {a*5a + c*Sc + q(aSa* + q 2 cSc*)} / (q + 1)X 1 
^A/su (2)^) = a *^ a + c *$ c ~ ( a ^ a * + q 2 c5c*). 
On them the action of the canonical map flB.2j) is found to be: 

x(a5c — qc5a) = (ac — qca) (g> (z — 1) = 
X(c*5a* - qa*5c*) = (c*a* - qa*c*) ® (z* - 1) = 

X ((1 + q)~ l \i 1 {a*5a + c*5c + g(a5a* + q 2 cSc*)}) = 1 <8> {(z - 1) + g^' 1 - 1)} = 1 ® £ 
X(a*5a + c*5c - (a5a* + q 2 c5c*)) = l®(z- z~ l ) 

with £ G Qsu,,(2) introduced in §6.11 From the isomorphism (16. 2p one finally has: 

~^SU 9 (2) ( W ±) = ~A^SU 9 (2) ( W 0) = 

(6.6) ^ SUg(2) (o;,) = l®(l + g" 1 )[2 ; -l]. 

From these one recovers 0^ or (SU 9 (2)) = ker ~aa SU(j(2) with, using (I2.36p . 

(6.7) ker ~N SVq{2) - A(SXJ q (2)){u ± ,u } ~ {w±, w }.A(SU ff (2)). 
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Remark 6.1. From (16.61) . for the generator X = L z in (16. 3p one gets that 

X(u z ) = (X, ~A/" SU?(2) M) = 1, 

which identifies L z G A'q as a vertical vector for the fibration. In turn it is used to 
extend the notion of horizontality to higher order forms in fi(SU 9 (2)). One defines [18] 
a contraction operator i Lz : f2 fc (SU 9 (2)) — > fi fc-1 (SU 9 (2)), giving i L ,(u±) = i Lz (uo) = 0, 
and i L ,(u z ) = 1 on 1-forms, so that keri L . ~ fij^SU,^)). Then one define 

(6-8) fiL(SU 9 (2)):=ker| Qfc(SU9(2)) ^, 

that is the kernel of the contraction map when restricted to the bimodule of /c-forms. It 
is then easy to show that ^ or (SU g (2)) ~ A(SV q (2))n k (S 2 q )A(SV q (2)). 

Given the explicit expression (I6.6P for the canonical map compatible with the differential 
calculi we are using, and the ^4(U(l))-coaction 

(6.9) ^r^z — ou z ® 1, S^Uo — ojq <8 1, ^r^± — w ± ® z±2 1 

using the vector space basis <p(j) in kereu(i) of §6.11 a connection (IB. 71) is given by 

(6.10) a{<t> <8) [y?(j)D = <T 2j (l + + a) 

for any G *A(SU g (2)) and any element a G fi 1 (Sg). The projection II on vertical forms, 
associated to this connection turns out to be 

n(w±) = o = n(wo), 

(6.11) n(^) = a(~V SUq(2) = *(1 ® b(0)]) = w z + a, 

while the corresponding connection 1-form u : ^4(U(1)) — > r2 1 (SU g (2)) is given by 

(6.12) u{z n ) = a(l ® [2" - 1]) = <f /2 [f }{u z + a). 

Connections corresponding to a = suq with s G R were already considered in [9]. 
The vertical projector (16.111) allows one to define a covariant derivative 

S):^(SU 9 (2))^fii or (SU 9 (2)), 

given (as usual) as the horizontal projection of the exterior derivative: 

(6.13) 2)0 := (1 - II)d0. 

Covariance here clearly refers to the right coaction of the structure group U(l) of the 
bundle, since it is that 8 R (j) = <g> z~ n ^ £j ? 1) (2)0) = (2)0) <g) z~ n . From (IB.9I) the action 
of this operator can be written as 

(6.14) 2)0 = d0-0Aw(^" n ) 

for any G £ n . From the bimodule structure (I2.36j) it is easy to check that all the above 
connections are strong connections in the sense of |13j . 
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7. Gauged Laplacians on line bundles 

Each ^4(Sg)-bimodule C n defined in (12.101) is a bimodule of co-equivariant elements in 
^4(SUg(2)) for the right U(l)-coaction (12.81) . and as such can be thought of as a module 
of 'sections of a line bundle' over the quantum sphere S 2 ,. Without requiring any com- 
patibility with additional structures, any C n can be realized both as a projective right or 
left ^4(Sg)-module (of rank 1 and winding number — n). One of such structures is that 
of a connection on the quantum principal bundle A(S^) „4.(SU g (2)). By transporting 
the covariant derivative (I6.13P on the principal bundle to a derivative on sections forces 
to break the symmetry between the left or the right .4. (S 2 ) -module realization of £ n . 

With the choice in §21 for the principal bundle, we need an isomorphism C n ~ J-" n 
with a projective left *4.(S 2 )-module [15]. Given this identification, in §7.11 we shall 
describe the complete equivalence between covariant derivatives on T n (associated to the 
3d left covariant differential calculus over S 2 ) and connections (as described in §6]) on 
the principal bundle -4(S 2 ) ^ A(SXJ q (2)), corresponding to compatible 4D + bicovariant 
calculus over SU g (2) and 3d left covariant calculus over S 2 We shall then move to a 
family of gauged Laplacian operators on 3F n , obtained by coupling the Laplacian operator 
over the quantum sphere with a set of suitable gauge potentials. We finally show that 
among them there is one whose action extends to C n the action of the Laplacian (15.51) 
on £ — S 2 . As we noticed in $5], the action of the (right) Laplacian (15.51) on S 2 is given 
by the restriction of the action (15.21) of the (right) Laplacian D,?^^. Here we obtain 
that the action of such gauged Laplacian can be written in terms of the ungauged (right) 
Laplacian on SU,j(2), in parallel to what happens on a classical principal bundle (see e.g. 
[2X Prop. 5.6]) and on the Hopf fibration of the sphere S 2 with calculi coming from the 
left covariant one on SU g (2) as shown in [201 l3l] . 

7.1. Line bundles as projective left *4.(S 2 )-modules. With n £ Z, we consider the 
projective left „4(S 2 )-module T n = (^(S^H+y™), w i t h projections 0[T5] (cf. also [2U]) 

(7.1) p (n) = |^ (n) ) <^ (n) | , 

written in terms of elements |\I/( n ^ £ ^4(SUq(2))' n ' +1 and their duals <(\I/( n )| as follows. 
One has: 

n<0: \*W) tl = y /a^cW-»a' i £ C n , 

(7.2) where a n>w = 1; 

n > : |^ {n) ) 
— i //j 

(7.3) where /3„ i0 = 1; 

The coefficients are chosen so that (ty( n \ \]/( n )\ = 1, as a consequence (p^) 2 = p^ n '. Also 
by construction it holds that (p^)" 1 " = p( n ). 



a ^ = n J=0 { i _ #m ) ' a* = o > ...,h-i 

= c*»a* n ^ £ £ n , 

f\ _o-2(n-j)\ 
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The isomorphism C n ~ T n = (*4.(S 2 ))' n ' +1 p ( ' n ' ) is realized as follows. Given any element 
in the free module (.4(S 2 ))l n l+i as (/| = (/ , /i, . . . , f\ n \) with G „4(S 2 ), the definition 

4> f := </, = ^ =q y^cW-MoM^ for n < o, 

gives the left *4.(S 2 )-modules isomorphism: 

(7.4) C n J- n , ^^(^^^(^^(/IpW, 
with inverse 

Given the exterior algebra (f2(S 2 ),d) on the quantum sphere we are considering, a 
covariant derivative on the left .4.(S 2 )-modules T n is a C-linear map 

(7.5) v : n k (s 2 q ) ® A(si) T n fi fc+1 (sj) ® A(S?) j; 

that satisfies the Ze/t Leibniz rule 

V(e <8U(S|) <cr|) = (dO ®4( S 2) <cr| + (-l) m £ «U(S?) V (a\ 

for any £ G f2 m (S 2 ) and (cr| G ^ fc (S 2 ) <8U(Sg) J 7 ™- The curvature associated to a covariant 
derivative is V 2 : J= n -> ^ 2 (S 2 ) ®a{S») ^n, that is V 2 (£ (a\) = £ V 2 ((a|) = f F v ((cr|) with 
the last equality defining the curvature 2-form Fy G End^(s2)fi 2 (S 2 ) <SU(s 2 ) ^n- 

Any covariant derivative - an element in C{JF^) - and its curvature can be written as 

(7.6) V (a\ = (d (a\)p^ + (-l) fc (a\ M n \ 

(7.7) V 2 (a\ = (a\ {-dp (n) A dp (n) + dA (n) - A (n) A A (n) }p (n) . 

with (a\ G ^ fc (S 2 ) ®a{s%) J^n- For the 'gauge potential' A^ one has 

(7.8) A ( n )=pWA( n ) = A( n )pW = |vI/(")) a H<vl/W| G Hom^^^^S 2 )®^) T n ), 

with a^ n ^ G f2 1 (S 2 ). The monopole (Grassmann) connection corresponds to = 0. 

In analogy with the identification f!7.4p . the covariant derivative V naturally induces 
an operator D : C n — >■ C n ®A{s 2 q ) ^ X (S 2 ) that can be written as 

(7.9) D(j) : = (V (a^\) ¥ n) ^ = d(f) — (ft A {(¥ n \d¥ n) ) - a (n) }. 
We refer to the 1-form 

(7.10) fi 1 (SU g (2)) 3 vo {n) = ((¥ n \ d¥ n) ) - a*"') 

as the connection 1-form of the gauge potential. It allows one to express the curvature as 

(7.11) F y = - \¥ n) ) (dw (n) + w (n) A ro (n) ) <^ (n) | 
where (dw™ + A w^) G fi 2 (S 2 ). 
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The covariant derivatives defined above on the left modules T n fit in the general theory 
of connections on the quantum Hopf bundle as described in the §6.21 any covariant 
vertical projector, as in (16. lip , induces a gauge potential A^ n ^ as in (17.81) . The notion 
(I7.10p of connection 1-form of a given gauge potential in C ( J-" n ) matches the notion (16.121) 
of connection 1-form u : .4.(11(1)) — > Q 1 (SU q (2)) on the Hopf bundle. From the A(S 2 )- 
bimodule isomorphism C n <S)a(s^) ^(Sjj) — ^h or (SU 9 (2)) (see Remark l67Tj) . the matching 
amounts to equate the actions of the covariant derivative operators (17.91) and (I6.13p . 

(7.12) V0G£ n : D(f) = D(j) w (n) = uj{z~ n ). 
From formula (I6.12p . this correspondence can be written as 

(7.13) aW = A n o; - £_ n a, 
where the coefficients refer to the eigenvalue equations: 

Tl 71 

L z >\¥^):=^ n \¥^) =► ^ B = -g-2[L] 

(7.14) L >\^) := \ n \^) =► A n = [M][M + i]. 
Finally, the equivalence ( I7.12p allows one to introduce a covariant derivative 

D:^ or (SU g (2))^^ o + r 1 (SU 9 (2)), 

thus extending to horizontal forms on the total space of the quantum Hopf bundle the 
covariant derivative operator on ^4(SU g (2)) as given in (16.131) . This follows the formulation 
described in [T3], since any connection on the principal bundle is strong. Upon defining 

:= {0 G n£„(SU ff (2)) : 5^0 = ® z~ n }, 

where 5^ is the natural right U(l)-coaction on Q k (SU q (2)), one obtains: 

(7.15) Dcj) = &<j>- (-l)V Au(z- n ). 

A further extension to the whole exterior algebra f2(SU 9 (2)) is proposed in [9]: a gener- 
alisation of the analysis in [MJ §9] shows how this extension is far from being unique. 

We restrict our analysis again to covariant derivatives V s \a) in (17.61) whose gauge 
potential and corresponding connection 1-form are of the form: 

(7.16) = s \^)oj (* (n) | , = £ n u; z + (A n - s)u , 

for s G K and coefficients as in (I7.14p . since they reduce in the classical limit to the 
monopole connection on line bundles associated to the classical Hopf bundle tt : S 3 — > S 2 . 
Relations (I2.26P and (I2.27P allow to compute the curvature 2-form (17. lip as 

dwf) = ({q + q- 1 )^ + {s- X n )p) u + A u_ 

w<?> A w<?> = (q- q- 1 )^ ((q + g" 1 ^ + (q - q'^s - X n )) cu + A w_. 
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7.2. Gauged Laplacians. In order to introduce an Hodge operator 

(7.17) * n : Q k (S 2 q ) «u (si ) T n ^(S 2 ) ® A{ s\) Fn, 
we use the right .4.(S 2 )-linear Hodge operator (14. 6 j) on fi(S^): 

(7.18) **(£<a|):=(AO<a| 
so that a gauged Laplacian operator is defined as 

: T n -> j;, Dy H := " ^ V(^V (a|). 

Equivalently we have an operator on C n ~ J-" n via the left .4.(S 2 )-modules isomorphism 
AH). With = (a, it holds that 

(7.19) Dy : £ n £ n , = (Dy H) . 
With the family of connections (I7.16P and using the identities 

(i2±> (<r|)|^> = g- n i2±>0, 

(7.20) (i? > H) |* (n) ) = <T" (i?o - [^][1 - ^]) >0 
one readily computes: 

(7.21) U*j> = q~ 2n | a fa'iJ+iL. + R.R + ) + v{R, + sq~ n - [M][l - M]) 3 } >0. 
Finally, fixing the parameter to be 

(7-22) ~s\n) = q n ^][l-^-l 

the action of the gauged Laplacians extends, apart from a multiplicative factor depending 
on the label n, to elements in the line bundles C n the action of the Laplacian operator 
(15. 5 p on the quantum sphere, that is, 



(7.23) q 2n = {a{q 2 R+R~ + R-R+) + vB%}xj>. 

As an operator on C n we get 
(7.24) 

= (2qa L K 2 + v Ll)K-^ - qa (g + ^^'y ~ ^ 2 

= 2ga (C, - [±] 2 + |)if~ 2 + i/ (C fl - [|] 2 + ±) 2 )^ 4 - g^ ^ + ^^f" 1 ^ K- 



having used the relation (I2.15p . This relation is the counterpart of what happens on a 
classical principal bundle (see e.g. Prop. 5.6]) and on the Hopf fibration of the sphere 
S 2 with calculi coming from the left covariant one on SU 9 (2) as shown in [201 EI]- 
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Appendix A. Exterior differential calculi on Hopf algebras 

In this appendix we briefly recall general definitions and results from the theory of 
differential calculi on quantum spaces and quantum groups. We confine to notions that 
we need in this paper in order to construct the exterior algebras over the quantum group 
SU 9 (2) and its subalgebra Sjj. For a more complete analysis we refer to [331 [18] . 

Let A be a unital *-algebra over C and Q 1 (A) an ^4-bimodule. Given the linear map 
d : A — > fi 1 (^4), the pair (Q 1 (A),d) is a (first order) differential calculus over A if d 
satisfies the Leibniz rule, d(xy) = {dx)y + xdy for x, y G A, and if Q}(A) is generated by 
d(A) as a ^4-bimodule. Furthermore, it is a *-calculus if there is an anti-linear involution 
* : D}(A) -> ^(A) such that (a 1 (da)a 2 )* = a^d^a*))^ for any a,ai,a 2 G A. 

The universal calculus (Q 1 (A) un , 8) has universal 1-forms given by the submodule 
^(A)^. = ker(m : A® A — > A) C A® A with m(a(g>b) = ab the multiplication map, while 
the universal differential 5 : A — > Q 1 (A) un is 5a = 1 <S> a — a <S> 1. It is universal since given 
any sub-bimodule M of fl 1 (A) U n with projection txj^ '■ Q 1 (A) un —> ^(A) = Q 1 (A) un /J\f, 
then (Q l (A),d), with d := n_sf o 5, is a first order differential calculus over A and any 
such a calculus can be obtained in this way. The projection ttj^ : Q 1 (A) un — > ^(A) is 
^aKSj a i ® ^») = Si a «d&i with associated subbimodule M = ker ir. 

Next, suppose ^4 is a left "H-comodule algebra for the quantum group H = (H, A, e, S), 
with left coaction 5l : A — > Ji <8> ^4, an algebra map. The coaction is extended as a 
coalgebra map to the left "H-coaction Sjp : fi 1 ^) ^Ofi 1 ^) via ^(d/) = (l®d)<5 L (/). 
The calculus is said to be left covariant if 

(A ® = (1 ® ^Vl^ (e ® = !■ 

A calculus is left covariant if and only if the corresponding bimodule M verifies that 
C^O C "H ® A/". The coaction on A/" is the usual coaction of a Hopf algebra on a 
tensor product of its comodule algebras, i.e. 8^ = (• <8> id<g)id) o (id®r ® id) o {5 L ® 5l) 
with r the standard flip. The property of right covariance of a first order differential 
calculus is stated in complete analogy with respect to a right %-comodule structure of A. 

Clearly these notions make sense for A to be the algebra % with the coaction A of % 
on itself extended then to maps 

A^d/i) = (d <g> l)A(/i) and A^(d/i) = (1 <g> d)A(/i). 

On H there is in addition the notion of a bicovariant calculus, namely a calculus which is 
both left and right covariant and satisfying the compatibility condition: 

(id®A^ 1} ) o A^ 1} = (A^ <g> id) o A^. 
On a quantum group H the covariance of calculi are studied in terms of the bijection 

(A.l) r(h®ti) = (h®l)A(h'), r'^h <g> ti) = (h <g> 1)(S <g> id)A(/i') 
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which is such that r(Q 1 ('H) un ) = % <S> kere. The map r transforms any left covariant 
subbimodule J\f C fi 1 ("H) im into a right ideal Q C s, while any right ideal Q C e is 
conversely mapped by r -1 into a left covariant subbimodule Af C fi 1 ('H) un . 

Left covariant calculi on % are in one to one correspondence with right ideals Q C kere, 
with M Q = r~ l {H g> Q) and ft 1 (ft) := tt 1 (H) im /Af Q . The left "H-modules isomorphism 
given by Vt l {%) ~ "H ® (kere/ Q) allows one to recover the complex vector space kere/ Q 
as the set of left invariant 1-forms, namely the elements u a G S7 1 (H) such that 

The dimension of kere/ Q is referred to as the dimension of the calculus. A left covariant 
first order differential calculus is a *-calculus if and only if (S(Q))* G Q for any Q G Q. 
If this is the case, the left coaction of f-L on is compatible with the *-structure: 

A^\dh*) = (A^(dh))*. Bicovariant calculi corresponds to right ideals Q C kere which 
are in addition stable under the right adjoint coaction Ad of % onto itself, that is to say 
Ad(Q) C Q®%. Explicitly, Ad = (id ®m) (r <g> id) (S A) A, with r the flip operator, 
or Ad(h) = h(2) <8> (S , (/i(i))/i( 3 )) in Sweedler notation. 

The tangent space of the calculus is the complex vector space of elements out of %' - 
the dual space %' of functionals on H - defined by 

X Q := {X : X(l) = 0, X(Q) = 0, WQ G Q}. 

There exists a unique bilinear form 

(A.2) { , } : X Q x n\U), {X,xdy} := e(x)X(y), 

giving a non-degenerate dual pairing between the vector spaces Xq and kere/ Q. We have 
then also a vector space isomorphusm Xq ~ (ker e/Q). 

The dual space %' has natural left and right (mutually commuting) actions on %: 

(A.3) X>h:=h {1) X(h {2) ), h<X := X(h (1) )h (2) . 

If the vector space Xq is finite dimensional its elements belong to the dual Hopf algebra 
%' D H° = (H°, A-^o, e^o, Sn°), defined as the largest Hopf *-subalgebra contained in %' . 
In such a case the *-structures are compatible with both actions: 

X>h* = ((S{X))*>h)*, h*<X = (h<(S(X))*Y, 

for any X G % , h EH. Then the exterior derivative can be written as: 

(A.4) dh := V (X a >h)co a = Y j Uai-S-'iXa))^, 

where {X a ,Ub} = S a b, and one has the identity S~ 1 (X a ) = —S~ 1 (fb a )Xt,. The twisted 
Leibniz rule of derivations of the basis elements X a is dictated by their coproduct: 

(A.5) A no (X a ) = 1 (8) X a + V X b ® f ba , 

1 *b 
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where the f ab G ft consitute an algebra representation of ft: 

A H °(fab) = Y] fac® fcb, 
' ' c 

£H°{fab) = 8 a b, 

/], ^H°(fab)fbc = S ^2i b fabS'H {fbc) = &ac- 

The elements f ab also control the ft-bimodule structure of fi 1 ('H): 

(A.6) u a h = ^2 b (fab > h)co b , hu a = ^^b {{S^ifab)) > h) , for h G ft. 

The right coaction of ft on VL l {T-L) defines matrix elements 
(A. 7) = J2 b Ub ® Jba - 

where J ab G ft. This matrix is invertible, since S(J ab )J bc = 8 ac and J2 b JabS(Jbc) = <5 ac . 
In addition one finds that A( J ab ) = J ac <g> J cb and e(J a b) = S ab . It gives a basis of right 
invariant 1-forms, r] a = u b S(J ba ) and, as we shall see in a moment, allows one for an 
explicit evaluation of the braiding of the calculus. 

In order to construct an exterior algebra f2(ft) over the bicovariant first order differential 
calculus (fi^ft), d) one uses a braiding map replacing the flip automorphism. Define the 
tensor product f2 1 ('H) lX,fc = f2 x (ft) ®u ■ ■ ■ ®u ^(ft) with k factors. There exists a unique 
H-bimodule homomorphism o : f2 1 ('H)® 2 — > ^(ft)® 2 such that a(u £g> if) = 7/ £g> u for any 
left invariant 1-form uj and any right invariant 1-form 7]. The map a is invertible and 
commutes with the left coaction of ft: 

(id <g><7) o Af = Af o a, 

with A L the extension of the coaction to the tensor product. There is an analogous 
invariance for the right coaction. Moreover, a satisfies a braid equation. On f2 1 ("H)® 3 : 

(id (gicr) o (cr <g) id) o (id ®o) = (a <g> id) o (id <g)cr) o (a <g> id). 

All of this was proved in [33], where, using the dual pairing between ft° and ft, an explicit 
form of the braiding a was given on a basis of left invariant 1-forms: 

(A. 8) a(u a <g> u b ) := cr ab k ^n ® u k = (f ak , J nb ) u n ® w fc . 

The braiding map provides a representation of the braid group and an antisymmetrizer 
operator 2l< fc) : fi^ft)®* -»■ fi^ft)®* 1 . The Hopf ideals Sjf = ker &(*) give the quotients 

(A.9) n k (H) =Q}{U) m /S i Q ) 

the structure of a ft-bicovariant bimodule which can be written as f2 fe (ft) = Range . 
The exterior algebra is (fi(ft) = © fc fi fe (ft),A) with the identification ft (ft) = ft. The 
exterior derivative is extended to fi(ft) as the only degree one derivation such that d 2 = 0. 
The algebra f2(ft) has natural left and right ft-comodule structure, given by recursively 
setting 

A {k+1) (d6) = (1 <g> d)A^(^), A {k+1 \d6) = (d ® l)Aj } (0). 
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Finally, the *-structure on fi 1 ('H) is extended to an antilinear * : f2("H) — > Q(H) by 
(0 A 9')* = (-\) kk '6'* A 9* with 6 G Vt k {H) and & G fi fc '(%); the exterior derivative 
operator satisfies the identity (d9)* = d(9*). 

The quantum tangent space Xq can be endowed with a bilinear product, given as the 
functional [ , ] q : Xq ® Aq — > Ag: 

(A.10) [X, Y] q (h) := {X ® F, Ad(h)}, 

with a natural extension of the bilinear form (IA.2|) . The bicovariance of the calculus 
ensures that the product is well defined and that, beside being braided antisymmetric it 
satisfies a braded Jacobi identity, both properties with respect to the (transpose of) the 
braiding a. On a basis it is given by 

(A.ll) [X a ,X b ] q = X a X b - ) <jJ b X c X d , 

' ' cd 

and computed in terms of the pairing and the matrix J ab in flA.Th as 
(A.12) x a x b - y aJ' b X c X d = \ {X b ,J ac )X c . 

Appendix B. Quantum principal bundles and connections on them 

Following [1], we consider as a total space an algebra V (with multiplication m : V <g> 
V — > V) and as structure group a Hopf algebra H, thus V is a right "H-comodule algebra 
with coaction 5r : V — > V®T-L. The subalgebra of right coinvariant elements, B = V n = 
{p G V : 5rp — p <S> 1}, is the base space of the bundle. The algebras (V, B, Ti) define a 
topological principal bundle provided the sequence: 

(B.l) V(n 1 (B) un )V ->• tt l (V) un 4 V®keie n ->• 

is exact, with Q 1 (V) un and Q 1 (B) un the universal calculi and the map x defined by 

(B.2) x-V®V-*V®U, x-= (m ® id) (id ®5 R ) . 

In fancier parlance, the exactness of this sequence is also referred to as stating that that 
the inclusion B c — )• V is a Hopf-Galois extension |29j . 

Assume now that (Q 1 (V),d) is a right "H-covariant differential calculus on V given 
via the subbimodule M-p C Q 1 (V) un , and (fi 1 ('H),d) a bicovariant differential calculus 
on % given via the Ad-invariant right ideal Qu G kere-^. A first order left invariant 
differential calculus is induced on the algebra basis B via fl 1 (B) = Q 1 (B) un /MB with 
Mb '■= M-p fl Q 1 (B) un . This definition is aimed to ensure that 1 (i3) = BdB. 

To extend the coaction 5r to a coaction of "H on ^(V), one requires 5r(Mp) C Mp®%. 
The compatibility of the calculi are then the requirements that x(Mp) C P ® Q w and 
that the map ^H - ^) V ® (ker e w / Q%), defined by the diagram 

(B.3) I X l~N v 

V®keie H ld ^l H P®(kere w /Q w ) 
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(with tijv and 7Tq m the natural projections), is surjective and has kernel ker(~ A /v) = 
V^t l (B)V =: f2^ or (P). These conditions ensure the exactness of the sequence: 

(B.4) VVt\B)V -)• fii(P) (kere^/Q^) -)• 0. 

The condition x{Nv) Q V ® Qu is needed to have a well defined map ~a/V- ^ C^> ^> ^) 
is a quantum principal bundle with the universal calculi, the equality xi-Nv) = V ® Qu 
ensures that (V, B, %; Mp, Qu) is a quantum principal bundle with the corresponding 
nonuniversal calculi. 

Elements in the quantum tangent space ^q h ('H) act on ker Eul Qu via the pairing 
between T-L° and "H. Given V G XQ n (H) one defines a map 

(B.5) V:Q\V)^V, V:=(id®0°(~M v ) 

and declares a 1-form u G ^(P) to be horizontal iff V (u) = 0, for any V G Xq h (7~L)- 
The collection of horizontal 1-forms coincides with VL\ m (V). 

The compatibility conditions above allow one to consistently define a right coaction 
8r : Q 1 (V) — > ^(V) ® "H, as a coalgebra map, via 8 R o d = (d <g) 1) o Sr. By direct 
computation Ad(kere-^) C (kereu) <g> H. Being the right ideal Qu Ad-invariant (i.e. the 
differential calculus on "H is bicovariant), it is possible to define a right-adjoint coaction 
Ad^ : ker e^/ Qu — > (ker eu/ Qu) ® H by the commutative diagram 

kere H ker e H /Qu 

| Ad | Ad (R) 

kere n ®n (ker e H /Q H ) ®V. 

Such a right-adjoint coaction Ad^ allows one further to define a right coaction S^ 6 ^ 
of "H on V ® {k&YEul Qu) as a coaction of a Hopf algebra on the tensor product of its 
comodules. This coaction is explicitly given by the relation: 

(B.6) 4 Ad) 0® KQnW) =P(P) ® KQ^hp)) ®P(i)(Sh(i))h(2,). 

A connection on the quantum principal bundle is a right invariant splitting of the 
sequence (1B.4|) . Given a left "P-linear map a : V ® (kere-^/ Qu) —> ^(V) such that 



(B.7) 5^' o a — (a (g) id)^^ , and ~_vv ocr = id, 

the map II : Q 1 (V) — > Q 1 (V) defined by II = a o is a right invariant left "P-linear 
projection, whose kernel coincides with the horizontal forms V£l l (B)V: 

n 2 = n, 

u(vvl\b)v) = o, 
(b.8) 4 1} ° n = ( n ® id ) o6 r- 

The image of the projection II is the set of vertical 1-forms of the principal bundle. A 
connection on a principal bundle can also be given via a connection one form, which 
is a map u : H — > Q 1 ^). Given a right invariant splitting a of the exact sequence 
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(IB.4p . define the connection 1-form as u(h) = a(l ® KQ n (h — e-^(h))) on h G H. Such a 
connection 1-form has the following properties: 

u(Qh) = 0, 

{u{h)) = I ® n Qn {h - e n (h)) VheU, 

6$ o to = (u) <g> id) o Ad, 
(B.9) IT(dp) = (id (g)u)5 R (p) Vp e V. 

Conversely with a linear map u : kere-^ — > VL l (V) that satisfies the first three conditions 
in flB.9p . there exists a unique connection on the principal bundle, such that u is its 
connection 1-form. The splitting of the sequence flB.4|) will be 

(B.10) a(p® [h]) =pu([h]) 

with [h] in ker(e-^/ Qu), while the projection II will be 

(B.ll) n = mo(id®w)o~jv p 

The general proof of these results is in [1] . 
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Abstract. Wc describe Laplacian operators on the quantum group SU g (2) equipped 
with the four dimensional bicovariant differential calculus of Woronowicz as well as on 
the quantum homogeneous space with the restricted left covariant three dimensional 
differential calculus. This is done by giving a family of Hodge dualities on both the 
exterior algebras of SU g (2) and S^. We also study gauged Laplacian operators acting on 
sections of line bundles over the quantum sphere. 
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1. Introduction 

We continue our program devoted to Laplacian operators on quantum spaces with the 
study of such operators on the quantum (standard) Podles sphere Sj? and their coupling 
with gauge connections on the quantum principal U(l)-fibration A(S q ) <—} A(SU q (2)). 
While in [22] one worked with a left 3D covariant differential calculus on SU g (2) and its 
restriction to the (unique) 2D left covariant differential calculus on the sphere S;j, in the 
present paper we use the somewhat more complicate 4D + bicovariant calculus on SU g (2) 
introduced in [3S] and its restriction to a 3-D left covariant calculus on the sphere Sjj. 

Laplacian operators on all Podles spheres, related to the 4D + bicovariant calculus on 
SU ? (2) were already studied in [29J. Our contribution to Laplacian operators comes from 
the use of Hodge ^-operators on both the manifold of SU g (2) and S;j that we introduce 
by improving and diversifying on existing definitions. 

We then move on to line bundles on the standard sphere Sjj and to a class of operators 
on such bundles that are 'gauged' with the use of a suitable class of connections on 
the principal bundle .A(Sg) ^ A(SU q (2)) and of the corresponding covariant derivatives 
on (module of sections of) the line bundles. These gauged Laplacians are completely 
diagonalized and are split in terms of a Laplacian operator on the total space SU g (2) 
of the bundle minus vertical operators, paralleling what happens on a classical principal 
bundle (see e.g. [2J Prop. 5.6]) and on the Hopf fibration of the sphere with calculi 
coming from the left covariant one on SU g (2) as shown in [221 EZ] 

In §2] we describe all we need of the principal fibration A(S^) A(S\J q (2)) and associ- 
ated line bundles over S^. We also give a systematic description of the differential calculi 
we are interested in, the 4D + bicovariant calculus on SU g (2) and its restriction to a 3D 
left covariant calculus on the sphere S^. A thoughtful construction of Hodge ^-dualities 
on SU g (2) is in £j3l while that on is in §H] These are used in §5] for the definition of 
Laplacian operators. A digression on connections on the principal bundle and of covariant 
derivatives on the line bundles is in §6] and the following §[7] is devoted to the correspond- 
ing gauged Laplacian operators on modules of sections of the line bundles. To make the 
paper relatively self-contained it concludes with two appendices, AppfA] giving general 
facts on differential calculi on Hopf algebras and AppjB] concerning with general facts on 
quantum principal bundles endowed with connections. 

We like to mention that besides the constructions in [TB] and [2T], examples of Hodge 
operators on the exterior algebras of the quantum homogeneous g-Minkowski and q- 
Euclidean spaces - satisfying a covariance requirement with respect to the action of the 
quantum groups S0 9 (3, 1) and SO g (4) - have been given in [261 EI] using the formalism of 
braided geometry and with a construction of a g-epsilon tensor. On the exterior algebra 
over the quantum planes a Hodge operator has been studied in [12]. 



Conventions and notations. When writing about connections and covariant deriva- 
tives we shall pay attention in keeping the two notions distinct: a connection will be 
a projection on a principal bundle while a covariant derivative will be an operator on 
section, both objects fulfilling suitable properties. For q ^ 1 the 'g-number' is defined as 

(1.1) [x] = [x] q := q —^r, 
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for any For a coproduct A we use the Sweedler notation A(x) = xm <8> xp), with 

implicit summation. This is iterated to (id(gA)oA(x) = (A®id)oA(x) = X(i) ®X( 2 ) <S>£(3), 
and so on. 

Acknowledgments. We are grateful to S. Albeverio, L.S. Cirio and I. Heckenberger for 
comments and suggestions. AZ thanks P. Lucignano for his help with Maple. GL was 
partially supported by the Italian Project 'Cofin08-Noncommutative Geometry, Quantum 
Groups and Applications'. AZ gratefully acknowledges the support of the Max-Planck- 
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2. Prelude: calculi and line bundles on quantum spheres 

We introduce the manifolds of the quantum group SU g (2) and its quantum homogeneous 
space S 2 - the standard Podles sphere. The corresponding inclusion A(S 2 ) > ^4(SU g (2)) 
of the corresponding coordinate algebras is a (topological) quantum principal bundle. 
Following App. £jA]we then equip ^4(SU g (2)) with a 4-dimensional bicovariant calculus, 
whose restriction gives a 3-dimensional left covariant calculus on A(S 2 ). 

2.1. Spheres and bundles. For the quantum group SU g (2) its polynomial algebra 
A(SXJ q (2)) is the unital *-algebra generated by elements a and c, with relations 



In the limit q — > 1 one recovers the commutative coordinate algebra on the group manifold 
SU(2). The algebra ^4(811^(2)) can be completed to a C*-algebra in a usual way by 
considering all its admissible representations and the supremum (universal) norm on them 
|35j . For the sake of the present paper this is not necessary since we are interested in 
Laplacian operators on SU g (2) (and on its homogeneous space, the quantum sphere) and 
their spectra. Thus we only exhibit a vector space basis for A(SXJ q (2)) in ( 12.1 3p below, 
giving an analogue of the classical Wigner /^-functions for the SU(2) group, i.e. matrix 
elements of its unitary irreducible (co)-representations. Also, without loss of generality, 
the deformation parameter g 6 I will be restricted to the interval < q < 1, the map 
q — > q~ l giving isomorphic algebras. 

If we use the matrix 



whose being unitary is equivalent to relations ( 12. ip . the Hopf algebra structure for ^(SU,^)) 
is given by coproduct, antipode and counit: 



that is A(a) = a Cg> a — qc* (g) c, and A(c) = c ® a + a* ® c; S(a) = a* and S(c) = —qc; 
e(a) = 1 and e(c) = and their ^-conjugated relations. 

The quantum universal envelopping algebra U q (su(2)) is the unital Hopf *-algebra gen- 
erated as an algebra by four elements K ±l , E, F with KK~ X = 1 = K~ X K and relations: 



(2.1) 



ac = qca ac* = qc*a cc* = c*c, 
a*a + c*c = aa* + q 2 cc* = 1. 




A U = U <g> U, 



S(U) = U* 



e(U) = 1 



(2.2) 



K ±l E = q ±l EK 



±1 



K ±l F = q 



> Tl FK 



±1 



[E,F] 



K 2 - K- 2 



q-q 



-1 
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The *-structure is K* = K, E* = F, and the Hopf algebra structure is provided by 
coproduct 

A(K ±1 ) = K ±1 ®K ±1 , A(E)=E®K + K~ 1 (g)E, A(F) = F <g> K + K~ x <g> F, 

while the antipode is S(K) = K~ x , S(E) = —qE, S(F) = —q~ 1 F and the counit reads 
e(K) = 1, e(E) = s(F) = 0. The quadratic element 

qK 2 - 2 + q~ l K~ 2 

{q-q~ l ) 

is a quantum Casimir operator that generates the centre of U q (su(2)). 



(2.3) C q = q j- J + FE-\ 



The Hopf *-algebras U q {s\x{2)) and *4.(SU g (2)) are dually paired. The ^-compatible 
bilinear mapping ( , ) : U q (su(2)) x A(SU q (2)) — > C is on the generators given by 

(K**,a) = <f* /2 , (K±\a*} = q^ 2 J 
(2.4) (E,c) = l, (F,c*) = -q-\ 

with all other couples of generators pairing to zero. This pairing is proved [20] to be non- 
degenerate. The algebra U q (su(2)) is recovered as a *-Hopf subalgebra in the dual algebra 
^4(SUq(2))°, the largest Hopf *-subalgebra contained in the vector space dual ^4(SU 9 (2))'. 

There are [35] *-compatible canonical commuting actions of U q (su(2)) on A(SXJ q (2)): 

h\>x := X(i) (h,X(2)) , x<h := (h,X(i)) x (2 ). 

On powers of generators one computes, for s £ N, that 

K ±1 >a s = q^a s F > a s = E >a s = — g( 3_s )/ 2 [s]a s_1 c* 

A^Xz*" = g ± fa* s F > a* s = q^-^^ca* 8 ' 1 E>a* s = 

K ±l \>c s = q T ^c s F\>c s = E>c s = q^- s)/2 [s\c s - l a* 

K ±i > c *s = q ±^ c *s F > c *s = _ g -(i+s)/2 [ s ] ac *^-i e > c* s = 0; 



(2.5) 



and: 



(2.6) 



a s < K ±l = q^i a s a s < F = q( s ~ l ^ 2 [s]ca s ~ l a s < E = 

a* 8 <K ±1 = q^a* s a* s < F = a* s < E = — g( 3 ~ s )/ 2 [s]c*a* s_1 

c s <AT ±1 = g ± ic s C S <F = c s <E = g('- 1 J/ 2 [s]c s - 1 a 

c* s < if ±1 = q T ic* s c* s <F = _q,(«-3)/2 [ s ] a * c **-i c * s « £ = 0. 



Consider the algebra .4.(11(1)) := C[z, z*]/< zz* - 1 >. The map 

(2.7) vr : A(SV q (2)) -> «A(U(1)), tt ( £ ) := ( q £ ) 

is a surjective Hopf *-algebra homomorphism. As a consequence, U(l) is a quantum 
subgroup of SU g (2) with right coaction: 

(2.8) 5 R := (id®7r) o A : A(SXJ q (2)) -»• .4.(SU g (2)) <g> .A(U(1)). 

The coinvariant elements for this coaction, elements 6 £ ^4(SU g (2)) for which 5r(6) = 6(8)1, 
form the algebra of the standard Podles sphere A(S 2 ) c — >• ^4(SU 9 (2)). This inclusion gives a 
topological quantum principal bundle, following the formulation reviewed in appendix 



The above right U(l) coaction on SU g (2) is dual to the left action of the element K, 
and allows one [25] to give a decomposition 

(2.9) A(SU q (2)) = @ n&L L n 



CALCULI, HODGES AND LAPLACIANS 5 

in terms of ^(S 2 )-bimodules defined by 

(2.10) C n := {x e A(SV q (2)) : K>x = q n/2 x <fr 5 R (x) = x ® z~ n }, 

with -A(S 2 ) = Co- It is easy to see (cf. [191 Prop. 3.1]) that £* = £_„ and C n C m = C n+m . 
Also 

(2.11) E>£ n c C n+2 , F>C n c £ n _ 2 , £ n <« C £ n , 

for any u G W g (su(2)). The bimodules C n will be described at length later on when we 
endow them with connections. Here we only mention that the bimodules C n have a vector 
space decomposition (cf. e.g. [2"3"]): 



(2.12) ^ n :_ © J= M M +1 M +2 



V 



(n) 



where V r j n ' 1 is the spin J (with J G |N) irreducible ^-representation spaces for the right 
action of W g (su(2)), and basis elements 

(2.13) <p nM = (c J - n ' 2 a* J+n / 2 )«E l 

with n G Z, J = ^ + N, Z = 0, . . . , 2 J. 

2.2. The 4D exterior algebra over the quantum group SU 9 (2). Following the for- 
mulation reviewed in AppjAj we present here the exterior algebra over the so called 4D+ 
bicovariant calculus on SU 9 (2), which was introduced as a first order differential calculus 
in [361, and described in details in 1 33 1 . 



One needs an ideal <2su 9 (2) C keresu 9 (2)- The one corresponding to the 4D + calculus 
is generated by the nine elements {c 2 ; c(a* — a); q 2 a* 2 — (1 + q 2 )(aa* — cc*) + a 2 ; c*(a* — 
a); c* 2 ; [g 2 a+a*-g" 1 (l+g 4 )]c; [g 2 a+a*-g" 1 (l+g 4 )](a*-a); [<? 2 a+a*-g~ 1 (l+<? 4 )]c*; [q 2 a+ 
a* - q-\l + q A )][q 2 a + a* - (1 + q 2 )]}. One has Ad(Q S u 9 (2)) C Q SVq (2) ® ^(SU,(2)) and 
dim(kere S u 9 ( 2 )/ Qsu,(2)) = 4. The associated quantum tangent space as in (|A.2[) turns out 
to be a four dimensional Xq C W g (su(2)). A choice for a basis is given by the elements 

1 K~ 2 - 1 i , 

L- = q*FK-\ L z = —- r , L + = q~*EK- 1 ; 

( , 14) L „ = ^ 2 - ;> ± i^iz a + f g = gcjg - 1) ± «-'(*» - 1) + 

(g-g- 1 ) 2 (g-T 1 ) 2 

from the last commutation rule in (12. 2p . The vector Lo belongs to the centre of W g (su(2)): 
it differs from the quantum Casimir (12.31) by a constant term, 



i 



2 



(2-15) ^ = Lo+ (t^ 1 ) -i^o + ir-i 



The coproducts of the basis ()A.6j) give ALj, = 1 <g> + J2 a ® /a&: once chosen the 
ordering (— , z, +, 0), such a tensor product can be represented as a row by column matrix 
product where 
(2.16) 

/ 1 q~\KE \ 



fab 



(q-q- l )q-2FK- 1 K~ 2 (q — q~ l )q~*EK~ l (q — q~ l ) [FE + q' 

1 q-^FK 

\ K 2 
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The differential d : A(SU q (2)) H> fi 1 (SU g (2)) in (jX3J) is written for any x G A{SV q {2)) as 
(2.17) dx = y~] (L a >x)uj a = u a (R a >x) 

'a *— 'a 



UJ n 



co a . Here 



on the dual basis of left invariant forms u a G r2 1 (SU g (2)) with 
R a := — S -1 (L a ) and explicitly: 

(2.18) R± = L±K\ R Z = L Z K 2 , R = -L . 

On the generators of the algebra the differential acts as: 

da = (q — g~ 1 )~ 1 (g — l)au z — qc*u + + \iau , 

da* = cuj^ + (q — a" 1 )^ 1 ^" 1 — l)a*u z + \ia*u , 

dc = (q — q~ l )~ l (q — l)cu z + a*u + + Xicu , 

dc* = — g _1 aa;_ + (q — o~ 1 )~ 1 (o~ 1 — 1)c*oj z + Aic*co>o, 

These relations can be inverted, giving 

w_ = c*da* — qa*dc*, uj + = adc — qcda, 

oj z = a*da + c*dc — (ada* + q 2 cdc*), 

tu = (1 + g)~ 1 Af 1 [a*da + c*dc + q(ada* + q 2 cdc*)}. 

It is then easy to see that for q — > 1 one has — > 0. This differential calculus reduces in 
the classical limit to the standard three-dimensional bicovariant calculus on SU(2). 

This first order differential AD + calculus is a *-calculus: the *-structure on ^4(SU g (2)) 



(2.19) 
with Ai 



(2.20) 



is extended to an antilinear *-structure on r2 1 (SU (? (2)), such that (dx) 
x G *4(SU g (2)). For the basis of left invariant 1-forms is just 

(2.21) 



d(x*) for any 



-CJ+, 



-oj z 



From (IA.7[) one works out the bimodule structure of the calculus, obtaining: 



(2.22) 



as well as: 



w_a = aw_ — gc wo, 
w_a* = a*w_, 
w_c = ca;_ + a*co , 
u_c* = c*w_, 



(2.23) 



u z a 

u z a* 

u z c 

UJ?C 



ui + a = aui + , 

u + a* = a*u + + cu , 

u + c = cu + , 

u + c* = c*uj + — q^aujQ, 



q(q - q 1 )c*u + + qau , 



u a 
u a* 

UJqC 

u c* 



q~ avo, 
= qa*uj , 
q^cuo, 



qauo 

= (q-q 

qcuj z + (q — q~ 1 )a*u + 



l )coj- + q a*u z 



q Vw , 



qcujQ, 



-q (q — q )aw_ + q c oo z — q c oo . 



The *4.(SU f/ (2))-bicovariant bimodule Q 2 (SU q (2)) of exterior 2- forms is defined by the 
projection given in (TOO]) , with S {2) = ker ^ = ker(l - a) C fi 1 (SU g (2))® 2 . This 
necessitates computing the braiding as in (1A.9j) . a preliminary step being the computation 
as in (IA.8I) of the right coaction on the left invariant basis forms, A^\u a ) = ^2 b u)b <S> J\ 
For the calculus at hand: 



ba ■ 



( 



*2 



(2.24) 



Jh 



a 

-qa*c 
-qc 




aa' 



q 2 )a*c 
- cc* 



(q + q-^ac* 




-gc 2 (1 — q 2 )a*c 

-ac (q 2 - l)cc* 

a 2 (q~ l - q)ac* 

1 



/ 
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The braiding 


; map 


a : fi 1 (SU„(2))® 2 -> fi 1 (SU„(2))® 2 is 


then worked out [7] to be: 


rr I ( i ? 

Lf I UJ — 


UJ — 


i — /'j j f5?s ? /T ( / 1 ? , 6?) f i j , 1 — it), fS 

1 \£y UJ - C l ut/_i_ \£y UJ^L. J — ^+ ^- 


>J U/_i_, U ^U/Q ^ U/Q ^ — UJQ Uy UJQ 


U(UJ? 


® UjS) 


= uJ? ® to?* + (tf 2 — <7 _2 )(u^ <X> C^n + UJ 


£*D UJ-L — UJ-L UJ ), 


(j(oj- 


<8> w+ 


) = (5?> — uJv ® CJn, 




cr(w + 


!g> W_ 


) = w_ <8> w + + w 2 <8> w , 




er(w_ 


(8) w*) 


= w z <8> w_ + (1 + g 2 )w_ (8> w , 




a(oj z 


<g)w_) 

/ 


= (1 — q~ 2 )uj z (8> w_ + g _2 w_ (8> w z — 


(1 + q , ~ 2 )^- <8> w , 


a(cu- 

V 


<8> Wo) 


= Wo <8> w_ + (1 — g 2 )w_ (8) wo, 




a(uj 


(8) w_) 


= g 2 w_ (8> w , 




a(u? 


<8) W_l_) 


= o 2 W4_ (8> UJ? + fl — q 2 )uj? (8> w_l + (1 


+ 2 )w^ (8> Wn, 




(5?) M 1 


!.] 'Si* T 1 —1— /7 ^ Y' . ' 'Si* /, t n 

— W 2 \6< W+ ^1 y JU/_ \6< i-^O, 




cr(w z 


(8) w ) 


= w <8> w z + (q — g~ 1 ) 2 (w + (g) w_ — w 


_ (8> w+) — (g — g~ 1 ) 2 w z (8) w , 


cr(w 


(8) w a ) 


= w z <8> w , 




<x(w+ 


<8> W ) 


= w <8> w + + (1 - g~ 2 )w + (8> w , 




(2.25) ct(w 


<8> W + ) 


= g~ 2 w + (8> w . 





Using the general construction of AppjAj the q- wedge product on 1-forms is defined as 
9A6' = yS 2 \d®d') = (1-ct)(0®0') C Range a (2) . On generators: 

w_ A w_ = w + A w + = w A w = 0, 
uj z Auj z — (q 2 — q~ 2 )uj + A w_ = 0, 
w z A w± + q ±2 UJ± A w z = 0, 
w± A Wo + Wo A uj± = 0, 
w + A w_ + w_ A w + = 0, 

(2.26) uj z A wo + wo A w z — (g — g _1 ) 2 w_ A w + = 0. 

These relations show that dim f2 2 (SUq(2)) = 6. The exterior derivative on basis 1-forms 
results into: 

dw-t = =F q ±X UJ- A uj z , 
dw 2 = (q + q~ V )uJ+ A w_, 

(2.27) dw = (g-g _1 )w_ Aw+. 

The antisymmetriser operator 21^ : fi 2 (SU g (2)) — > fi 2 (SU g (2)) has a natural spectral 
decomposition. This is what we need later on to introduce Hodge operators. A more 
general analysis of the spectral properties of the antisymmetriser operators associated to 
a class of bicovariant differential calculi over SL q (N) (for N > 2) is in [32]. On the basis 

(f = uj- A wo, f z = UJ- A wo + (1 — g~ 2 )w_ A uj z 

(2.28) ipo = uj + A Wo, ip z = uj + A Wo — (1 — <? 2 )w + A w z 
4'± — ^o A w z + (1 — g ±2 )w„ A w + , 

which is such that ip^ = if} , ip* z = ^ z and = it holds that 

2l( 2 )((po) = (1 + g 2 Vo, 2t( 2 )(^) = (1 + g 2 )^, 2l( 2 )(^ + ) = (1 + g 2 )^ + 
[Z - ZJ) ^(<p z ) = (1 + <T 2 V Z , 2l( 2 )(^o) = (1 + g" 2 )^o, 2l (2) (^-) = (1 + q~ 2 )^- 
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For later use we shall adopt the labelling &±\ G £t±\ with 

(2.30) £(+) = {<Po^z,M, and = {tp g , ip , ^-}- 

By proceeding further, the *4.(SU g (2))-bimodule f2 3 (SU,j(2)) is found to be 4-dimensional 
with left invariant basis elements: 

/ 231 \ X- = ^+ Acj Aw 2 , x + = w_Aw Aw < 

Xo = ^Aw + Au 2 , x^ = W-Aw + Au 0l 

with = — Q ,_2 X+) Xo = Xo an d X* z = Xz- These exterior forms are closed, 

(2.32) d Xa = 0, 
and in addition satisfy 

(2.33) 2l( 3 )( X a) = 2(l + g 2 + g" 2 )xa 

for a = —,+, z, 0, thus providing the spectral decomposition for the antisymmetriser 
operator 2t< 3 ) : fi 3 (SU 9 (2)) -> fi 3 (SU g (2)). 

The ^l(SU 9 (2))-bimodule fi 4 (SU 9 (2)) of top forms (fi fe (SU g (2)) = for k > 4) is 1 
dimensional. Its left invariant basis element fi = w_Aw + Aw 2 Awo is central, i.e. x/i = \ix 
for any x G ,A(SU 5 (2)) and its eigenvalue for the action of the antisymmetriser is 

(2.34) 2t (4) {/I) = 2(g 4 + 2q 2 + 6 + 2q~ 2 + g~ 4 )/i. 

2.3. The exterior algebra over the quantum sphere Sj?. The restriction of the first 
order 4D + bicovariant calculus endows the sphere S 2 with a first order left covariant 3- 
dimensional calculus [HE!]- The exterior algebra fi(Sg) can be characterised in terms of 
some of the bimodules C n introduced in £j2j Given / G A(S 2 ) ~ Co, the exterior derivative 
d : A(S 2 q ) i-> fi 1 ^ 2 ,) from (I2T7I) reduces to: 

(2.35) d/ = (L_>/>_ + (L+>/K + (Lo>/)w . 

Notice that the basis 1-forms {u a ,a = —,+,0} are graded commutative (cf. (I2.26P ). 
Furthermore, relation ( 12. lip shows that (L±>f) G C±2 and that (Lo>/) G Co, while the 
^4(SU g (2))-bimodule structure of fi 1 (SU g (2)) described by the coproduct ( I2.16P of the 
quantum derivations L a gives: 

(puj- = oj- 4> — g _1 o;o(-^+>0), tO-4> = 4>oj- + q(L + K 2 \xf))ujo, 

(2.36) <p'uj + = u + <f)' - qw o (L_>0'), u + <p' = <j)'u + + ^(L-ifV^o, 
<P"ujo = uj {K- 2 t>(f)"), ujo<P" = {K 2 t><f)")uJo. 

These identities are valid for any <fi, <$' , <ft" G ^4(SU g (2)). They allow to prove by explicit 
calculations the following identities: 

G £_2 : d(0w_) = (L + >0)w + A w_ + (Lo>4>)oJo A w_, 

0' G £ 2 : d(0'w + ) = (L_>0')w„ A w + + (L o >0') w o A w+, 

(2.37) <f)" G £ : d{(p"uo) = (L_>0")w_ Aw + (L+>0")w+ Aw + <p"duo, 
and 

G C-2 : d(0w_ A Wo) = (L + >0)w + Aw_ A Wo, 
4>' E C 2 : d(4>'uJo A cj+) = (L_>0')u;_ Aw A u + , 

(2.38) 0" G Co : d(0"w„ A w+) = (Lo><f>")u) A w_ A w+. 

Together with the anti-symmetry properties (I2.26P of the wedge product in f2(SU 9 (2)), 
these identities suggest that the following proposition holds. 
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Proposition 2.1. The exterior algebra fi(Sg) obtained as a restriction o/fi(SU 9 (2)) asso- 
ciated to AD + calculus on SU q (2) can be written in terms of A{$ 2 q )-bimodule isomorphisms: 

n J (Sj) ~ £-2 ^~ © £ 2 © C UJ 

fi 2 (Sj) ~ £_ 2 (w_ A w ) © £o ( w - A w +) © £2 (w A w+) 

(2.39) fi 3 (S^£ W-Au + Awo 

Proof. The analysis above proves only the inclusion fi 1 (S 2 ) C £_2 w_ © £2 w+ © £0 uo and 
the analogue ones for higher order forms. The proof of the inverse inclusion will be given 
at the end of §0 out of the compatibility of the calculi on the principal Hopf bundle. □ 

The basis element w_ A u + A u commutes with all elements in Co ~ A(S 2 ). Such 
a calculus is 3 dimensional, since from f )2.32p one has d(<j)"u)_ A uj + A u ) = 0, for any 
4>" G A(S 2 q ), and from (|2T25|) one has that fi 1 ^) A (w_ Au + A w ) = 0. 

From ( I2.17P and (I2.18P the differential can also be written as 

(2.40) df = LJ_(R_>f) + u + (R + >f) + u (Ro>f), 

and it is easy to check the following relations, analogues of the previous fj2.37jl . ( 12 .38j) : 

4> G £_2 : d(w_ (p) = —uj- A uj + (R + xj)) - u_ A Uo (i?o>0), 
(/)' G £2 : d(w + 0') = — u + A w_ (R->(f)') — u + Auo (Ro><f>'), 

(2.41) 0" G£ : d(w o 0") = dw A f - w A w_ (^>f ) -w Aw + (Vf); 
and 

G £_2 : d(w_ A Wo 0) = w„ A u A u + (R + xj>), 
(j)' G £ 2 : d(w A w+ 0') =u Aw + Aw_ (R-Xp'), 

(2.42) 0" G £ : d(w_ A w+ </>") =u_Au + Au (#o>0") • 

3. Hodge operators on f2(SU 9 (2)) 

As described in §2.2} it holds for the bicovariant forms of the AD + first order bico- 
variant calculus that the spaces fi fc (SU g (2)) of forms are free ^4(SU g (2))-bimodules with 
dim fi fc (SU 9 (2)) = dim fi 4 - fc (SU 9 (2)), and dimfi 4 (SU 9 (2)) = 1. Our strategy to intro- 
duce Hodge operators on f2(SU 9 (2)) in §3.2l uses first suitable contraction maps in order to 
define Hodge operators on the vector spaces fl^ nv (S\J q (2)) of left invariant k- forms; we ex- 
tend them next to the whole Q k (SU q (2)) by requiring (one side) linearity over ^4(SU g (2)). 
This follows an alternative although equivalent approach to Hodge operators on classical 
group manifold that we describe first in §3.11 A somewhat complementary approach to 
the one of §3.2} more suitable when restricting to the sphere S 2 , is then given in §3.3[ 

3.1. Hodge operators on classical group manifolds. Let G be an ^-dimensional 
compact connected Lie group given as a real form of a complex connected Lie group. The 
algebra A{G) = Fun(G) of complex valued coordinate functions on G is a *-algebra, 
whose ^-structure can be extended to the whole tensor algebra. A metric on the group G 
is a non degenerate tensor g : X(G) © X(G) — > A{G) which is symmetric - i.e. g(X, Y) = 
g{Y,X), with X,Y G X(G) - and real - i.e. g*(X,Y) = g(Y*,X*) -. Any metric has 
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a normal form: there exists a basis {8 a ,a = 1, . . . N} of the ^4(G)-bimodule Q 1 (G) of 
1-forms which is real, 6 a * = 6 a , such that 

(3.1) 9 = Y?> ^a b e a ®e b 

' 'a,b=l 

with rial, = ±1 ■ dab- Given the volume iV-form fi = fi* := 6 1 A . . . A 9 N , the corresponding 
Hodge operator -k : Q k (G) —> Q N ~ k (G) is the ^4(G)-linear operator whose action on the 
above basis is 



*(1) = n, 



(3.2) ★ (9 ai A ... A 6 ak ) — -t— — V e ai - a \ , 6 bl A . . . A 6 bN -> 



with e ai """° fe 6l bN := ^2 Sl Sk V aiSl ■ ■ ■ r 1 akSke si...s k bi...b N - k from the Levi-Civita tensor and 
the usual expression for the inverse metric tensor g^ 1 = Ylab=i V^-^a®^ with Y2b r l abl 1bc — 
5% on the dual vector field basis such that 9 b (L a ) = 5 b a . The Hodge operator (13.21) satisfies 
the identity: 

(3-3) * a (0 = ^)(-l)* (JV "*^ 

on any £ G Q k (G). Here sgn(g) = det(r] a b) is the signature of the metric. 

Hodge operators can indeed be equivalently introduced in terms of contraction maps. 
By this we mean an „4(G)-sesquilinear map T : f2 1 (G) x fi 1 (G) — > A(G) such that 
v) = /*r(0; ? ?) while r((f),r)f) = F((f),r))f for / G A{G). Such a map can be 
uniquely extended to a consistent map V : Q k (G) x Q k+k (G) — > fl h (G). We postpone 
showing this to the later §3.21 where we prove a similar statement for the bicovariant cal- 
culus on SU 9 (2). Having a contraction map, define the tensor g : ^(G) x f2 1 (G) — > A(G): 

(3.4) ^,77):=r(^,77). 

Next, with a volume form /i, such that /i* = /i, define the operator L : f2 fc (G) — > Q N ~ k (G) 
as 

(3-5) L(0:=^r*(£ )M ) 

on £ G f2 fe (G), having used the notation T*(-, •) = (r(-, •))*. A second *4.(G)-sesquilinear 
map { , } : fl k (G) x Q k (G) — » *4.(G) can be implicitly introduced by the relation 

(3-6) {£,£>:=t AL(£'). 

For any pair of k- forms £, £' it is straightforward to recover that 

(3.7) {£,?} = ^r*(r,0- 

The operator (13. 5 p is not in general an Hodge operator: one has for example £(1) = /i 
as well as L(fi) = det(r*(/i, fi)) which is not necessarily ±1. To recover the standard 
formulation for a Hodge operator, one has to impose two constraints: 

(a) An hermitianity condition. The sesquilinear map T is said hermitian provided it 
satisfies: 

(3.8) {<M} = r(<M), 

for any couple of 1-forms and r\. 
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From and flU} it holds that {0,r/} = T*(r/, 0).Then 

(3.9) {^,77} = r(0,77) r(0,77) = r*(77, 0). 

If the sesquilinear form T is hermitian, one can prove that the expression (13. 7p becomes 

(3.10) {£,£'} = ^r(£,£')- 

(b) A reality condition, namely a compatibility of the operator L with the ^-conjugation: 

(3.11) L(<n = to))* 

on 1-forms. 

If these two constraints are fullfilled, the tensor g in (13 .4p is symmetric and real: it is 
(the inverse of) a metric tensor on the group manifold G. The operator L turns out to 
be the standard Hodge operator corresponding to the metric given by g, and satisfies the 
identities: 

(3.12) L 2 (0 = (-l) k ^sgn(T)^ {£, £'} = sgn(T){L(0, L(0> 
with 

s^n(r) := (det(r(0 a ,0 b ))|det(r(0 a ,0 b )r 1 = syn(y). 

Moreover, the operator L turns out to be real, that is, it commutes with the hermitian 
conjugation *, on the whole exterior algebra Q(G). 

The above procedure could be somehow inverted. That is, given an hermitian con- 
traction map T as in (13.81) . define the operator L by (13.51) . The corresponding tensor g 
turns out to be real, but non necessarily symmetric. Imposing L to satisfy one of the two 
conditions in (13.121) - they are proven to be equivalent - makes the tensor g symmetric, 
that is the inverse of a metric tensor, whose Hodge operator is L. 

3.2. Hodge operators on f2(SU 9 (2)). In this section we shall describe how the classical 
geometry analysis of the previous section can be used to introduce an Hodge operator on 
both the exterior algebras fi(SU 9 (2)) and ^(S 2 ) built out of the 4D-bicovariant calculus a 
la Woronowicz on A(SXJ q (2)). A somewhat different formulation of contraction maps was 
also used in [T6| \T7\ for a family of Hodge operators on the exterior algebras of bicovariant 
differential calculi over quantum groups. 

We shall then start with a contraction map T : Q] nv (S\J q (2)) x Q} nv (SU q (2)) — >■ C, 
required to satisfy T(\oj,u)') = \*T(u,u') and T(u,u' X) = T(u,u')\, for A G C. The 
natural extension to T : fi?£(SU 9 (2)) x Qf k + k '{SU) tt£(SU) given by 

(3.13) r(w ttl 0...®^,^®.. . <g> uJ bk+kl ) ■= (U k =1 T(u} a .,u; b .)) u bk+1 <g> • ■ ■ <g> u bk+k , , 

with the assumption that T(l,u) = u for any uj G fi(SU g (2)), can be used to define a 
consistent contraction map V : ft fc (SU g (2)) x Vt k+y (SU ff (2)) fi fc '(SU 9 (2)), via 

(3.14) r(w ai A ... Au ak ,u bl A.. .Aw w ) 

:= r(aW(w B1 (g. . . . ® uj, rt k+k '\u bl ® . . . <g> cj 6fc+fe ,)). 

This comes from the fc-th order anti-symmetriser 2l^ fc \ constructed from the braiding of 
the calculus, and used to define the exterior product of forms, 

(3.15) w ai A ... A u ak := 2t (fc) (a; ai <g> • • • <g> w a J; 
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the key identity for the consistency of (13.141) is 

(3.16) ^ k+k '\u ai ®- ■ -®0, Ofc+fe/ ) = (2l (fe) ®2l( fe '))(^ gs( ^ ) (-l)^a,(a; ai ®- • -Oa^J), 

where S(k, k') is the collection of the (k, fc^-shuffles, permutations Oj of {1, . . . , k + k'} 
such that <7j(l) < ■ ■ ■ < (Tj(k) and (Tj(k + 1) < ... < <jj{k + A;'), and 7r CTj is the parity of a r 
The identity ( 13 . 1 6[) is valid on the whole exterior algebra over any bicovariant calculus 
a la Woronowicz on a quantum group. It allows to show that any (k + /c')-form can be 
written as a linear combination of tensor products of /c-forms times /c'-forms. 

To proceed further, we use a slightly more general volume form by taking /i = fi* = 
imw_Au + AwoA u z , with m e R. Then we define an operator 

* : fiL(SU,(2)) nt*(SU,(2)), 

in degree zero and one by 

(3.17) *(1) :=r*(l,/x) = n and * (u a ) :=r*(u a , »). 

For Q k nv (SXJ q (2)) with > 2 we use the diagonal bases of the antisymmetriser, that is 

(3.18) = A 5 e, 

with coefficients in (I2.29|) . (I2.33P and (I2.34p respectively. On these basis we define 

(3.19) *(():4 F (^)' 

Here and in the following we denote (r( , ))* = T*( , ). The definition (I3.19P is a 
natural generalisation of the classical (13. 5ft : the classical factor k\ - the spectrum of the 
antisymmetriser operator on fc-forms in the classical case, where the braiding is the flip 
operator - is replaced by the spectrum of the quantum antisymmetriser. Also, the presence 
of the *-conjugate comes from consistency and in order to have non trivial solutions. 

Before we proceed, it is useful to re-express the volume forms in terms of the diagonal 
bases of the anti-symmetriser operators. Some little algebra shows that 

fi = im{-u- <g> x+ + ^+ ® X- + ^0 ® Xo ~ u z <g> x* z } 

(3.20) fi = im{-Xz ® u* z + x- ® u* + - x+ ® u*_ + xo® 
and 

(3.21) ^-^—j——^-®^;-^®^-) 

q A — 1 L 1 + q l 

+ (q A ip z <g> ip* - ip Q <g> v 3 * + q 2 ?p ®^* z - q~ 2 i) z <g> 
A little more algebra shows in turn that on 1-forms 

(3.22) * (w B ) = im{r*(w a ,w_)x+ - r*(w a ,w+)X- - r*(w a , w )xo + r*(w a ,u; z )x z }; 
and that using the bases (]2.30p . on 2- forms 

(3.23) 

* &+>) = t^{t^ (<? 4 r*(£ (+) ,^ + - r*(e (+) ^+)^-) + (g 4 r*(£( +) ,^Vo 

- r *(^(+) 5 vo)^ + <? 2 r* (£(+), Vo)^z - ?~ 2 r*(^(+), ^)^ ) } 

l'/TT' r 
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As for 3-forms one finds 



(3.24) *( Xo ) 



2(1 + q 2 + q- 



r(e ( -),^o)^ + gT*(£ ( -),^o)^ - g-T*(e ( -),^)^o) ■ 



r*(xa,x+)^- 

+ r*(xa, + r*(xa, xoVo - r*(x a , x*)^*}, 



and finally for the top form 
(3.25) * (fi) 



-r( M ,/x). 



2(g 4 + 2g 2 + 6 + 2g~ 2 + g~ 4 ) 
As in (J3J| we define the sesquilinear map { , } : nJ w (SU ff (2)) x fi^(SU 9 (2)) ^ C by 

(3.26) {e,e'}^:=e*A*(o. 

Then, mimicking the analogous construction of §3.11 we impose both an hermitianity and 
a reality condition on the contraction map. 

(a) A contraction map is hermitian provided it satisfies: 

(3.27) {u a ,u b } = T(u a ,u b ), for a,b = -,+,z,0. 



Given contraction maps fullfilling such an hermitianity constraint, from the first line in 
(I3.22p one has that T(u} a ,u>b) = T*(ub,ou a ). i.e. T ab = Tl a . With such a condition it is 
moreover possible to prove, that for with k = 2, 3, 4, 

(3.28) = _^r(£,0 • 

on any £, £' e fi* w (SU 9 (2)) of a diagonal basis of the antisymmetrizer as in (I3.18p . The 
above expression is the counterpart of (I3.10p for a braiding which is not just the flip 
operator. 

(b) An hermitian contraction map is real provided one has 

(3.29) VOO = (M*0)*- 

again on a diagonal basis of 2l^ fc ^(£). This expression generalises the classical one (13. lip . 
Notice that it is set on any Q^ nv (SU q (2)) , and not only on 1-forms as in the classical case. 

The requirement that the contraction be hermitian and real results in a series of con- 
straints. Firstly, the action on flj nv (S\J q (2)) of the corresponding operator * as defined in 
(I3.17P is worked out to be given by 

/ oj- \ I a \ / %_ \ 



(3.30) 



id 



+ 

V ^ ) 



\ 



X+ 
Xo 

\ Xz J 



-q A a 
-v e 
-e 7 J 

The only non zero terms of the contraction T are given by 

(3.31) T__ = q~ 2 T ++ = a, T 0z = T z0 = e, r 00 = v, 

with parameters that are real and satisfy in addition the conditions: 



7, 



(3.32) 



2v + (q 2 - q~ 2 )e = 0, 

2(e 2 - 71/) + (q- q~ 1 ) 2 (2q 2 a 2 + e 2 ) = 0. 
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On Qf nv (SXJ q (2)) the action of such operator is block off-diagonal, 



T(tp ,tp ) 

-P-l o g 4 r(^,^ 2 ) 

T - 1 \ o r (V'+^+) 

l+<? 2 



^0 



(3.33) 



V'o 



mi 



1 -g 4 



g 6 r((/^,(/^) 

g 2 r(^ ,<A)) 














1+q 2 



<^0 



while on fiL(SU,(2)) is 



(3.34) 



(x-\ 

x+ 

Xo 
\ ^ , 

im 



2(1 + q 2 + q~ 



( -T( X -,X-) \ { w-\ 

q 2 T( X ~,X~) co + 

-r(xo,Xo) T(xz,Xo) wo 

V o o -r(xo,x*) r(x z ,x.) ) \<»* J 



It turns out that the square of the operator * is not necessarily diagonal. An explicit 
computation shows moreover that when q ^ 1, given the constraints (I3.32p there is no 
choice for the contraction T, nor for the value of the scale parameter m G K. in the 
volume form such that the spectrum of the operator * 2 is constant on any vector space 
Qf nv (S\J g (2)) . This means that the operator * does not satisfy the classical expressions in 
f)3.12p . We choose a particular value for the parameter m defining 

1 det T 

(3.35) det T := — T(u^ A u + A ojq A u z , A u + A u A u z ), sgnCT) := — — — 

A M | det T | 

and imposing 

(3.36) * 2 (1) = sgn(T), 
which is clearly equivalent to the constraint 

(3.37) m 2 = |detr|- 1 . 

An explicit calculation shows that conditions (I3.27P and ( I3.29P fix the quantum determi- 
nant (I3.35P to be positive, so that we have sgn(T) = 1. 

We finally extend the operator * to the whole exterior algebra. This can be defined in 
two ways, i.e. we define Hodge operators * L ,* R : Q k (SXJ q (2)) -> fi 4 ~ fc (SU g (2)) by: 

(3.38) * L (xw) :=i*(u), * R (u x) := (-ku)x, 



with x G ^4(SU g (2)) and u G Q inv (SXJ q (2)). Both operators will find their use later on. 
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3.3. Hodge operators on fi(SU 5 (2)) — a complementary approach. The procedure 
used in the previous section cannot be extended ipso facto to introduce an Hodge operator 
on the exterior algebra fi(S^): although all fl k (S^) are free left -4.(S 2 )-modules [IB], the 
tensor product f2 <8>2 (Sg) has no braiding like the a above. 

In order to construct a suitable Hodge operator on the quantum sphere, we shall export 
to this quantum homogeneous space the construction of [21], originally conceived on the 
exterior algebra over a quantum group. The strategy largely coincides with the one 
described in [37J and presents similarities to that used in [8] where a Hodge operator has 
been introduced on a quantum projective plane. 

We start by briefly recalling the formulation from [21]. Consider a *-Hopf algebra % 
and the exterior algebra f2("H) over an N- dimensional left covariant first order calculus 
(n l (U),d), with dimn N - k (H) = dimQ k (U) and dimQ N (U) = 1. Suppose in addition 
that % has an Haar state h : H — > C, i.e. a unital functional, which is invariant, i.e. 
(id®/i)Ax = (h (8) id)Ax = h(x)l for any x G H, and positive, i.e. h(x*x) > for all 
x G T-L. An Haar state so defined is unique and automatically faithful: h(x*x) = implies 
x = 0. Upon fixing an inner product on a left invariant basis of forms, the state h is 
then used to endow the whole exterior algebra with a left and a right inner product, when 
requiring left or right invariance, 

(xu, x' tu') L := h(x*x') (u,tu f ) , 
(3.39) (uj x,u' x') R := h(x*x') (u,u') 

for any x, x' G "H and u,oo' in Q,i nv (l-C). The spaces Q k ('H) are taken to be pairwise 
orthogonal (this is stated by saying that the inner product is graded). 

The differential calculus is said to be non-degenerate if, whenever 77 G Q k (T-L) and 
7]' Arj = for any rj' G Q N ~ h ('H), then necessarily 77 = 0. Choose in fi JV ('H) a left invariant 
hermitian basis element fi = fi*, referred to as the volume form of the calculus. For the 
sake of the present paper, we assume that the differential calculus has a volume form such 
that fix = x fi for any x G "H (this condition is satisfied by the 4D + bicovariant calculus 
on SUq(2) that we are considering). Then one defines an 'integral' 

n(H)-*C, xfi = h(x), for xen, 

J n 

and rj = for any A;-form rj with k < N. For a non-degenerate calculus the functional 
/ is left-faithful if 77 G Vt k {U) is such that f 7/ A 77 = for all 77' G Vt N ^ k (U), then 77 = 0. 
The central result is 



Proposition 3.1. Consider a left covariant, non- degenerate differential calculus on a *- 
Hopf algebra, whose corresponding exterior algebra is such that dim Q N ~ k (H) = dim Q k (H) 
and dim ^(H) = 1, with a left-invariant volume form fi = /1* satisfying xfi = fix for 
any x G H. If QiTi) is endowed with inner products and integrals as before, there exists 
a unique left H-linear bijective operator L : Q k ('H) —> VL N ~ k {T-i) for k = 0, . . . , N (resp. a 
unique right H-linear bijective operator R) such that 



(3.40) / 77* A L{rf) = (77, V r , / V* A R{rf) = (77, 77') 



for any 77,77' G fl (H). 
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We mention that there is no R operator in [21]. It is just to prove its right "H-linearity 
that one needs the condition x\x = fix for the volume form /i with x G %. 

We are now ready to make contact with the previous §3.21 The 4D + differential calculus 
on SU g (2) is easily seen to be non degenerate. On the other hand, the Haar state functional 
h is given by (cf. [2"U]): 

(3.41) h(l) = 1; h{{cc*f) = (J2l Q = 1 + g2+ \ ^ + g2k , 

with fceN, all other generators mapping to zero. 

Now, use the sesquilinear map (13. 26j) for an inner product (w,w') := {w,w'} on gener- 
ators of f2 im) (SU g (2)) and extend it to a left invariant and a right invariant ones to the 
whole of Q inv (SXJ q (2)) as in (I3.39P using the state h. The uniqueness of the operators L 
and R from Proposition 13.11 then implies that the extended left and right inner products 
are related to the left and right Hodge operators (I3.38P by 

(3.42) / 77* A (* L rf) = (17, V') L , / V* A (** rf) = (77, rf) R 
for any 77,77' G f2 fc ("H). 



4. Hodge operators on f^S 2 ,) 

From the previous section, the procedure to introduce Hodge operators on the quantum 
sphere appears outlined. Inner products on f2(SUq(2)) naturally induce inner products 
on fi(S^), and we shall explore the use of relations like the (I3.42p above to define a class 
of Hodge operators. 

The exterior algebra fi(S^) over the quantum sphere S 2 . is described in §2.31 In partic- 
ular, we recall its description in terms of the v4(S 2 )-bimodules C n given in (12.101) : 

fi°(s 2 ) ~ A(s 2 q ) ~ £ 

tt\S 2 q ) ~ £_ 2 w_ © £ 2 w+ © C w ~ w_ £_ 2 © w + £ 2 © w Co 
tt 2 (S 2 q ) ~ £„ 2 (w_ A w ) © £ (w_ A w+) © £ 2 (wq A w+) 

~ (w_ A w ) £_ 2 © (w_ A w + ) £ © (w A w + ) £ 2 
(4.1) ^ 3 (S 2 ) ~ £ w_ A w + A w ~ w_ A w + A w £ • 

In the rest of this section, to be consistent with the notation introduced in §2.31 we shall 
consider elements 0, ip G £_2, elements <j)',i/)' G £2 and elements (j)" G Cq. 

Lemma 4.1. The above left covariant 3D calculus on S 2 is non- degenerate. 

Proof. Given 9 G f2 fc (S 2 ) the condition of non degeneracy, namely 9' A 9 = for any 
9' G fi 3 ~ fc (S 2 ) only if 9 = 0, is trivially satisfied for k = 0, 3. 

From (14.11) take the 1-form 9 = 0w_ and a 2-form 9' = tp w_ Awo+t/Vw+Awo+^/Vw- Aw + . 
Using the commutation properties (I2.36P between 1-forms and elements in *4(SU 9 (2)), one 
has 9' A 9 = {ijj' (K 2 >4>) - ip"{q~^KE\xj))}uj^ A w + A w , so that the equation 9' A 9 = for 
any 6*' G ^ 2 (S 2 ) is equivalent to the condition {ip 1 \K 2 \>4>) — ij;"(q~2 KExfi)} = for any 
9' G f2 2 (S 2 ); taking 9' = ip'u + Awo, one shows that this condition is satisfied only if = 0. 
A similar conclusion is reached with a 1-form 9 = 0'w + , and with a 1-form 9 = 4>"ojq. 
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Consider then a 2-form 6 = <pu>^ A Uq, and a 1-form 6' = + ip'oo + + ip"u)o. Their 
product is 9' A9 = (^)u + Aw_Aw , so that the condition 9' A9 = 0, for all 6' E ^(S 2 ,) is 
equivalent to the condition ip'tfi = for any ip'; this condition is obviously satisfied only by 
= 0. It is clear that a similar analysis can be performed for any 2-form 9 E Q 2 (S 2 ). □ 

The Haar state h of A(SU q (2)) given in (13.411) yields a faithful and invariant state when 
restricted to A(S 2 ). As a volume form we take fi = fh u>- A uo + A uq = fi* with m £ M. 
It commutes with every algebra element, / fi = fi f for / E A(S 2 ), so the integral on the 
exterior algebra fi(S^) can be defined by 

6 = 0, on 9 E n k (S 2 q ), for A; = 0,1,2, 

(4.2) / ffl = h(f), on fjlEQ 3 (S 2 q ). 
J ji 

Lemma 4.2. The integral J. : Q(S 2 ) — > C defined by f!4.2p is left- faithful. 

Proof. The proof of the left-faithfulness of the integral can be easily established from a 
direct analysis, using the faithfulness of the Haar state h. □ 

The restriction to Q(S 2 ) of the left and right ^4(SU g (2))-linear graded inner products 
on f2(SU g (2)) in (13.421) gives left and right ^4.(Sg)-linear graded inner products on fi(S^): 

(4.3) (9,9') L s2q :=(9,9') L ] (9,6')* := (6,6'f 

with 6, 6' E fi(S^). The analogue result to relation (I3.42p is given in the following 

Proposition 4.3. On the exterior algebra on the sphere S 2 endowed with the above graded 
left (resp. right) inner product, there exists a unique invertible left A(S 2 )-linear Hodge 
operator L : f2 fe (Sg) —> Q 3 ~ h (S 2 ), (resp. a unique invertible right A(S 2 )-linear Hodge 
operator R) for k = 0, 1, 2, 3 ; satisfying 

(4.4) / 6* A L{6') = {6, 6%, , I 6* A R{6') = {6, 0')* 
J ji J fi 

for any 6, 6' E Q k (S 2 ). They can be written in terms of the sesquilinear map (I3.26P as: 
(4.51 

L(l) = /2, L(fi) = {fi, fi} 

L((j) uJ) = ma (f) CO- A u , L(0 w_ A u ) = fh A cu , w_ A w o }0 w_ , 

L((j)'u! + ) = fh q 2 a (fi'uo A u + , L(<fi f uJo A cu + ) = fh {uj + A cUq, uj + A Uq\ (p f u + , 

L(uq) = —fhu w_Aw + , L{uj_ A u + ) = —fh {cj_ A u + , w_ A u + } u 

and 

R(l) = fl, R(p,) = {jl, fx} 

R(u- (f>) = fhq 2 a u;_ A Uo (ft , R(u~ A (f>) = fh q 2 {u^ A ujq, w_ A ujq] uj- 0, 

R(oj + 4>') = mauo A u + cf>', -R(^o A u + (/)') = fh q~ 2 {u + A ujq, u + A Uo} u + <fi', 

R(uq) = —fhv oj_ A u + , R{uj_ A u + ) = —fh {u_ Auj + ,lj_ A u + } u . 
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Proof. For the rather technical proof we refer to [37], where the same strategy has been 
adopted for the analysis of an Hodge operator on a two dimensional exterior algebra on S 2 ,. 
Here we only observe that the uniqueness follows from the result in Lemma 14.21 Given 
two operators L,L' : fi^S 2 ,) — > Q 3 ~ k (S 2 ) satisfying (14 .4p (or equivalently R,R'), their 
difference must satisfy the relation /. 9'* A (L(6) - L\9)) = for any 9, 9' G Q k (S 2 q ). The 
left-faithfulness of the integral allows one then eventually to get L(9) = L'(9). □ 

From (I2.3ip and (12 .33p it is fi = m \ z , so we define 

(4.7) det f := - sgn(T) := ^ 

V 1 2(l + g 2 + g~ 2 )' y V ; | det T | 

and set 

fh 2 det T := sgn(T) 

as a definition for the scale factor m G K. Clearly this choice gives L 2 (l) = R 2 (l) = 
sgn(T). Analogously to what happened for SU 9 (2) before, the sign in (14. 7p turns out to 
be positive for the class of contractions we are considering, i.e. sgn(T) = 1. 

We conclude by noticing that the Hodge operators (14.51) and (14.61) are diagonal, but still 
there is no choice for the parameters (I3.3ip and f !3.32|) of a real and hermitian contraction 
map such that a relation like (I3.12|) is satisfied. 



5. Laplacian operators 

Given the Hodge operators constructed in the previous sections, the corresponding 
Laplacian operators on the quantum group SU g (2), 

°su 9 (2) = A(SV q (2)) ^(SU,(2)), □fu ? (2)(^) := - * L d* L dx, 

n su,(2) : A(SU q (2))^A(SU q (2)), □fu a(2) (x) := -**d**ds 

can be readily written in terms of the basic derivations (I2.14p and (12.1 8[) for the first order 
differential calculus as 

(5-1) D sv q (2)X = {a(L + L^ + q 2 L^L + ) + is L L + 7 L Z L Z + 2eL L z } >x, 
and 

(5.2) □su e (2)Z = {a (q 2 R+R- + R^R+) + u R R + 7 R Z R Z + 2eR R z } >x, 
with parameters given in (I3.3ip . 

From the decomposition (12.91) and the action (12. lip it is immediate to see that such 
Laplacians restrict to operators In order to diagonalise them, we recall the 

decomposition (12.121) . The action of each term of the Laplacians on the basis elements 
{4>n,j,i\ in (12.131) can be explicitly computed by (12.51) . giving: 

L_L + >0 niJ>i = q~ l ~ n [J - \n][J + 1 - \n] (f) n ,j t i , 

L+L_> <j) n ,j,i = q l ~ n [J + \n] [ J + 1 - \n] (j) nM , 

L z ><f>n,j,i = -<T^ n [\n] <f) n>J j , 

(5.3) L t><f) nM = ([J+l] 2 - [I] 2 ) ^ = [J][J + 1] <f) nM . 

Here for the labels one has n G N with J = ^ + Z and 1 = 0,..., 2 J. 
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The Laplacians on the quantum sphere are, with / G *4.(S 2 ): 

(5.4) := -LdLdf = {a L + L„ + q 2 a L.L+ + v L L } >/, 
and 

(5.5) D|/ := -RdRdf = {q 2 a R+R. + a R.R+ + v R R } >/. 

They both are the restriction to S 2 of the Laplacian on SU g (2), the left and right one 
respectively. Their actions can be written in terms of the action of the Casimir element 
C q of U q (su(2)), immediately giving their spectra. They coincide on S 2 : 

D L s f = 2qa(C q + \ - [±] 2 ) + u(C q + \ - [±] 2 ) 2 , 
= 2qa Lq + v L 2 , on ^4(S 2 ). 
Using (15.31) . spectra are readily found: 

(5.6) D L s f (0 OiJjZ ) = (2qa[J] [J + 1] + z/[J] 2 [J + l] 2 ) <j> , Jh 

with J G N, I — 0, . . . , 2 J. We end this section by comparing these spectra to the spec- 
trum of D 2 , the square of the Dirac operator on S 2 studied in [3]. Some straightforward 
computation leads to: 

(5.7) spec( a^ R ) = spec(£> 2 - [|] 2 ) 2qa = 1, f = g~ 2 (g - g -1 ) 4 . 

6. A DIGRESSION: CONNECTIONS ON THE HOPF FIBRATION OVER S 2 

A monopole connection for the quantum fibration >4(S 2 ) ^4(SU ? (2)) on the standard 
Podles sphere - with a left-covariant 3d calculus on SU g (2) and the (corresponding re- 
striction to a) 2d left-covariant calculus on S 2 - was explicitly described in jl]. A slightly 
different, but to large extent equivalent [10] formulation of this and of a fibration con- 
structed on the same topological data -4(S 2 ) ^ A(SU q (2)), but with SU g (2) equipped 
with a bicovariant 4D calculus inducing on S 2 a left-covariant 3d calculus, are presented 
in [9]. The general problem of finding the conditions between the differential calculi on a 
base space algebra and on a 'structure' group, in a way giving a principal bundle structure 
with compatible calculi and a consistent definition of connections on it has been deeply 
studied [27J EH E] • The slightly different perspective of this digression is to follow the 
path reviewed in appendix £fBj namely to recall from [3] the formulation of a Hopf bundle 
on the standard Podles sphere starting from the 4D bicovariant calculus a la Woronowicz 
on the total space SU 9 (2), in order to fully describe the set of its connections. The first 
step in this analysis consists in describing how the differential calculus on SUg(2) naturally 
induces a 1 dimensional bicovariant calculus on the structure group U(l), and in which 
sense these two calculi are compatible. 

6.1. A ID bicovariant calculus on U(l). The Hopf projection (12. 7p allows one to 
define an ideal Qu(i) C kereu(i) as the projection <2u(i) = tt(Q S u 9 (2))- Then Qu(i) is 
generated by the three elements 

6 = (^ 2 -l) + g 2 (." 2 -l), 

6 = (q 2 z + z" 1 - (q 3 + q^mq'z + z~ l - (1 + g 2 )), 

6 = (g 2 z + ^ 1 -(g" 1 + g 3 ))(z- 1 -^), 
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and, since Ad(Qu(i)) C Qu(i) ® *4(U(1)), it corresponds to a bicovariant differential 
calculus on U(l). The identity 

-g(l + g 4 )- 1 (l + g 2 + g 3 + g 5 )- 1 {(g 6 -l)e3 + (l + g%-g 2 (l + g 2 )6} = (^-l)+g(^ 1 -l) 
shows that £ = (z — 1) + q(z~ l — 1) is in Qu(i)- By induction one also sees that 

j > o : - 1) = aT!~\ ? v ~ n ) + - *)> 

•'—'71=0 

(6.1) j < : z*\z - 1) = ?"^ n_lil ) + ?~ b "'(* ~ 1)- 

From these relations it is immediate to prove (as in [3]) that there is a complex vector 
space isomorphism ker £u(i)/ Qu(i) — C. The differential calculus induced by <2u(i) is 
1-dimensional, and the projection ttq vw '■ kereu(i) — > ker £u(i)/Qu(i) can be written as 

(6.2) 7r Qu(1) : 2?{z-l)^<?[z-\\, 

on the vector space basis (p(j) = z*(z—l) in ker £u(i), with notation [z—1] G ker £u(i)/ Qu(i)- 
The projection (16 .2p will be used later on to define connection 1-forms on the fibration. 

As a basis element for the quantum tangent space Xq we take 

K~ 2 - 1 

(6.3) X — L z — r . 

q-q- 1 

The *-Hopf algebras A(U(1)) and W(l) ~ {K, K~ 1 } are dually paired via the pairing, 
induced by the one in (12 .4p between A(S\J q (2)) and W g (su(2)), with 

(6.4) {K ± \z) = q^K {K ± \z~ l )=q ± K 

on the generators. Thus, the exterior derivative d : ^4(U(1)) —> f2 1 (U(l)) can be written, 
for any u G ^4(U(1)), as du = (X>u) 9 on the left invariant basis 1-form 9 ~ [z — 1]. On 
the generators of the coordinate algebra one has 

(6.5) dz = g ~ \ z6, dz- 1 = q 1 ~\ z~ 1 9, 

q — q 1 — 1 

so to have 9 = (q — l)(q — q~ l )~ l z~ l dz. From the coproduct AX = 1 <g> X + X (g) K~ 2 
the v4(U(l))-bimodule structure in f2 1 (U(l)) is 

9 z ± = q ± z ± 9. 

6.2. Connections on the principal bundle. The compatibility - as described in ap- 
pendix §|B] and expressed by the exactness of the sequence flB.4j) - of the differential 
calculus U(l) presented above with the 4D differential calculus on SU g (2) presented in 
§2.2[ h as been proved in [3]. As a consequence, collecting the various terms, the data 

(^(SU g (2)),^(S5,^(U(l));A^su 9 (2) = r" 1 (SU,(2) ® Q SVq{2) ), Q u(1) ) 
is a quantum principal bundle with the described calculi. 

In order to obtain connections on this bundle, that is maps f lB.7j) splitting the sequence 



f)B.4j) . we need to compute the action of the map 

~^ SU9(2) : ^(SU 9 (2)) A(SV q (2)) g> (ker5 U(1) /Q u(1) ) 

defined via the diagram (IB.3[) . Since it is left ^4(SU g (2))-linear, we take as representative 
universal 1-forms corresponding to the left invariant 1-forms (I2.20p in r2 1 (SU g (2)): 
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n *L 9 m( u °) = {a*Sa + c*6c + q(aSa* + q 2 c5c*)}/{q + 1)X 1 

On them the action of the canonical map (1B.2j) is found to be: 

x{oj8c — qcSa) = (ac — qca) <S> (z — 1) = 
X(c*6a* - qa*5c*) = (c*a* - qa*c*) <g> (z* - 1) = 

X ((1 + q)- l \± 1 {a*8a + c*5c + q{a5a* + q 2 c5c*)}) = 1 ® {(z - 1) + g(^ _1 - 1)} = 1 ® f 
X(a*5a + c*5c - (a5a* + q 2 c5c*)) = l®(z- z' 1 ) 

with £ G Qsu 9 (2) introduced in §6. 1L From the isomorphism (16.21) one finally has: 

~A/- SIM2) (W±) =~AT SU9(2) (W ) = 

(6.6) ^ SU9(2) ( W2 ) = l®(l + g- 1 )[ 2; -l]. 

From these one recovers fi^ or (SU g (2)) = ker ~a/" S u 9 (2) with; using (I2.36j) . 

(6.7) ker ^ SVq{2) ^ A(SV q (2)){u ± ,u } ~ {a, ± , o; M(SU 9 (2)). 

Remark 6.1. From (16.61) . for the generator X = L z in (16. 3p one gets that 

X{u g ) = (X,~ MsVq{2) (u g )) = 1, 

which identifies L 2 G A'q as a vertical vector for the fibration. In turn it is used to 
extend the notion of horizontality to higher order forms in fi(SU g (2)). One defines [2U] 
a contraction operator i Lz : f2 fc (SU 9 (2)) — > fi fc-1 (SU 9 (2)), giving i L ,(u±) = i Lz (uo) = 0, 
and iL z {uj z ) = 1 on 1 -forms, so that ker^ z ~ 0^ or (SU 9 (2)). Then one defines 

(6.8) «L(SU ff (2)) := ker| 

that is the kernel of the contraction map when restricted to the bimodule of /c-forms. 

Given the explicit expression (16. 6p for the canonical map compatible with the differential 
calculi we are using, and the *4(U(l))-coaction 

(6.9) ^r u z — u z (g) 1, 8$Uq — ojq Cg> 1, S^oj± = oj± <8> z ±2 , 

using the vector space basis (p(j) in kereu(i) of §6.11 a connection (IB. 71) is given by 

(6.10) a{<t> <8) [y?(j)D = <T 2i (l + (T 1 )" 1 ^* + a) 

for any G ^4(SU g (2)) and any element a G fi 1 (Sg). On vertical forms, the projection II 
associated to this connection turns out to be 

n(w±) = o = n(w ), 

(6.11) IIK) = <r(~^ su , (2) (w,)) = a(l ® fc>(0)]) = u z + a, 

while the corresponding connection 1-form u : ^4(U(1)) — > r2 1 (SU g (2)) is given by 

(6.12) u(z n ) = cr(l ® [2" - 1]) = <f /2 [f ](w 2 + a). 
Connections corresponding to a = suq with s G R were already considered in [9]. 

The vertical projector (16.111) allows one to define a covariant derivative 

©:^(SU s (2))->fC(SU ff (2)), 
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given (as usual) as the horizontal projection of the exterior derivative: 

(6.13) D(p:= (l-n)d0. 

Covariance here clearly refers to the right coaction of the structure group U(l) of the 
bundle, since it is that 5 R <j) = <f) ® z~ n <=> 5^(2)0) = (2)0) <g> z~ n . From (IB.9I) the action 
of this operator can be written as 

(6.14) D0 = d(f)-(f)Auj(z- n ) 

for any G C n . From the bimodule structure (I2.36P it is easy to check that all the above 
connections are strong connections in the sense of |13j . 

The analysis in this section allows us to prove the results in Proposition 12.11 The 
exterior algebra fi(S^) is defined to be the set of horizontal and U(l)-coinvariant elements 

in f2(SU,j(2)), with respect to the extension 5^ (introduced in AppjB]) of the canonical 
coaction (12. 8p to higher order forms in fi(SU g (2)). It is then easy to check, from (I6.8P and 
(I6.9p . that the isomorphisms given in expressions (12.391) for fi(S^) do hold. 

7. Gauged Laplacians on line bundles 

Each ^4(Sg)-bimodule C n defined in (12.101) is a bimodule of co-equivariant elements in 
^4(SU g (2)) for the right U(l)-coaction (12.81) . and as such can be thought of as a module 
of 'sections of a line bundle' over the quantum sphere S^. Without requiring any com- 
patibility with additional structures, any C n can be realized both as a projective right or 
left ^4(Sg)-module (of rank 1 and winding number —n). One of such structures is that 
of a connection on the quantum principal bundle A(S^) ^.(SU g (2)). By transporting 
the covariant derivative (16 . 1 3[) on the principal bundle to a derivative on sections forces 
to break the symmetry between the left or the right *4.(Sg)-module realization of C n . 

With the choice in $2] for the principal bundle, we need an isomorphism C n ~ T n with 
T n a projective left ^4(Sg)-module [T5|. This isomorphism is constructed in terms of a 
projection operator p( n \ Given this identification, in §7.11 we shall describe the complete 
equivalence between covariant derivatives on T n (associated to the 3d left covariant dif- 
ferential calculus over Sjj) and connections (as described in £JHD on the principal bundle 
*4.(Sg) e — >■ *4.(SUq(2)), corresponding to compatible 4D + bicovariant calculus over SU g (2) 
and 3d left covariant calculus over S^. We shall then move to a family of gauged Lapla- 
cian operators on obtained by coupling the Laplacian operator over the quantum 
sphere with a set of suitable gauge potentials. We finally show that among them there 
is one whose action extends to C n the action of the Laplacian (15.51) on £ — Sjj. As we 
noticed in §51 the action of the (right) Laplacian (15.51) on is given by the restriction of 
the action (15. 2p of the (right) Laplacian nfu 9 ( 2 )- Here we obtain that the action of such 
gauged Laplacian can be written in terms of the ungauged (right) Laplacian on SU,j(2), 
in parallel to what happens on a classical principal bundle (see e.g. [21 Prop. 5.6]) and 
on the Hopf fibration of the sphere with calculi coming from the left covariant one on 
SU 9 (2) as shown in [221 [37]. 

7.1. Line bundles as projective left ^4(Sg)-modules. Every (equivariant, the only 
ones we use in this paper) finitely generated projective (left or right) *4.(Sg)-module is a 
direct sum of £ n 's (cf. [30]). As said, these are line bundles of degree — n on the quantum 
sphere and to describe them all one needs is a collection of idempotents p^ n \ which 
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we are going to introduce. With n G Z, we consider the projective left *4.(S 2 )-module 
jr n = (A(S 2 q )) M+1 p in) , W ith projections © QS] (cf. also [22]) 

(7.1) p W = |^W)(^W| ; 

written in terms of elements |\l/( n )) g .A(SU 9 (2))' n ' +1 and their duals (\l/( n )| as follows. 
One has: 

n<0: =70— C H"V eC n , 



(7.2) where a n , H = 1; <W = H i=0 ( x _ g2 (j+i) ) ' ^ = °' 



n > : I^W)^ = c^a*""" G £ n , 

1 _ 0-2(7+1) 



(7.3) where /3 n , = 1; ^ = ^ II -=o 

The coefficients are chosen so that \l>( n ^ = 1, as a consequence (p^) 2 = p^ n \ Also 

by construction it holds that (p (n ))t = p( n \ 

The isomorphism C n ~ J-^ = (*4.(S 2 ))' ?l ' +1 p(' 1 * ) is realized as follows: 

(7.4) C n T n , ^ (a+l = <f)(¥^\ , 
with inverse 

Given the exterior algebra (f2(S 2 ), d) on the quantum sphere we are considering, a covari- 
ant derivative on the left .4.(S 2 )-modules T n is a C-linear map 

(7.5) v : n\s 2 q ) ^(sd j- n , -+ fi fc+1 (sj) ®^ (SS) j; 

that satisfies the left Leibniz rule 

v(eA(^i) = (de)A( ( 7| + (-ireAVH 

for any £ G S7' m (Sg) and (a\ G fi fc (S 2 ) ®^(s 2 ) T n . The curvature associated to a covariant 
derivative is V 2 : J= n -> fi 2 (S 2 ) ®^ (S 2) 5F n , that is V 2 ({ (<r|) = f V 2 ((<x|) = £F v ((cx|) with 
the last equality defining the curvature 2-form F v G Hom^g^J^,, f2 2 (S 2 ) <8U(S§) 3~n)- 

Any covariant derivative - an element in C(J r n ) - and its curvature can be written as 
V(<r| = (dH)p (n) +(-l) fc (<t|AW 

(7.6) V 2 (tr| = <cr| {-dp (n) A dp (n) + dA (n) - A (n) A A (n) }p (n) . 

with (a\ G ^ fc (S 2 ) ®^(s2) The negative signs in the second expression above come 
from the left Leibniz rule, since form valued sections are elements of projective left *A(S 2 )- 
modules. For the 'gauge potential' A^ n ^ one has 

(7.7) A^=p^A^=A^ n) = \¥ n) )^ n) (^ {n) \ e Hbnu^jCJH.n^Sj)®^)^), 
with a 1 -™) G f2 1 (S 2 ). The monopole (Grassmann) connection corresponds to a,^ = 0. 

In analogy with the identification (I7.4p . the covariant derivative V naturally induces 
an operator D : C n — > C n <8U(Sf) ^ X (S 2 ) that can be written as 

(7.8) D<p : = (V K|) |^ (n) ) = d<f) - <f) {(¥ n \ dV {n) ) - a (n) }. 
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We refer to the 1-form 

(7.9) fi 1 (SU g (2)) 3 w (n) = «* (n) ,d* {n) > - a {n) ) 

as the connection 1-form of the gauge potential. It allows to express the curvature as 

(7.10) F v = - \¥ n) ) {dw {n) + m {n) A m {n) ) <* (n) | 

where (dm™ + tzjW A w^) G n 2 (S 2 q ). 

The covariant derivatives defined above on the left modules T n fit in the general theory 
of connections on the quantum Hopf bundle as described in the §6.21 any covariant 
vertical projector, as in (16. lip , induces a gauge potential A^ n ) as in (17.71) . The notion 
(17. 9p of connection 1-form of a given gauge potential in C(J r ri ) matches the notion (16.121) 
of connection 1-form u : .4.(11(1)) — > f2 1 (SU 5 (2)) on the Hopf bundle. From the A(S 2 )- 
bimodule isomorphism © ne z£„ ®,4(s|) ^(Sg) — fij L lor (SU g (2)) (see Remark 16. ip . this 
matching amounts to equate the actions of the covariant derivative operators (17. 8p and 

flcnsD, 

(7.11) V0G£ n : D(j) = ®(j) w {n) = u{z~ n ). 
From formula (I6.12p . this correspondence can be written as 

(7.12) a (n) = A n ,a;o-^na, 
where the coefficients refer to the eigenvalue equations: 

(7.13) L >|^>:=A n |*W) =► A B =[M][M + 1]. 

Finally, the equivalence ( 17. lip allows one to introduce a covariant derivative 

D : Ok(SU,(2)) ^ nJ£(SU fl (2)), 

thus extending to horizontal forms on the total space of the quantum Hopf bundle the 
covariant derivative operator on ^4(SU ? (2)) as given in (16.131) . This follows the formulation 
described in [T3|, since any connection on the principal bundle is strong. Upon defining 

4 fc ) := {4> e nL(su ff (2)) = 4 fe V = 4> ® ^ n }, 

where 6^ is the natural right U(l)-coaction on f2 fc (SU 9 (2)), one obtains: 

(7.14) D(j) = d(f>- (-l)V Aw(z -n ). 

A further extension to the whole exterior algebra fi(SU ? (2)) is proposed in [5]: a gener- 
alisation of the analysis in J37J §9] shows how this extension is far from being unique. 

We restrict our analysis again to covariant derivatives V s \a) in (17.61) whose gauge 
potential and corresponding connection 1-form are of the form: 

(7.15) AW = s \¥ n) )u (¥ n ^\ , = i n u z + (A n - s)u , 

for s G M and coefficients as in (I7.13p . since they reduce in the classical limit to the 
monopole connection on line bundles associated to the classical Hopf bundle ir : S 3 — > S 2 . 
Relations (I2.26P and (I2.27P allow to compute the curvature 2-form (I7.10p as 

dwW = ((q + q- X )i n - (s - X n )(q - g' 1 )) co + A uj. 

A ro W = (g - q~ v )tn ((g + g" 1 )^ + (g - q^)(s - A n )) cu + A w_. 
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7.2. Gauged Laplacians. In order to introduce an Hodge operator 

(7.16) * K : Q k (S 2 q ) ® A{S 2 q) T n fi 3 " fc (Sj) ®^(s ?) JT n , 
we use the right *4(S 2 )-linear Hodge operator (14. 6[) on f2(Sjj): 

(7.17) ** (£ (a\) := (R£) (a\ 
so that a gauged Laplacian operator is defined as 

: -> 7* nj (a I := - * n V(^V (a|). 



Equivalently we have an operator on £ n ~ J-" n via the left .4.(S 2 )-modules isomorphism 



(EH). With = (a, (»)), it holds that 

(7.18) : £ n £ n , = (Dy <cr|) |*<»>) . 
With the family of connections (17. 15p and using the identities 

(R±> (a\)\^) = q- n R ± xf>, 

(7.19) (R t> (a\) = <f» (ifc - [^][1 - ^]) >0 
one readily computes: 

(7.20) □*> = g" 2n | a (g^+itL + + i/ (ifc + «<T n - [^][1 - ^]) 2 } »<f>- 
Finally, fixing the parameter to be 

(7-21) s(n ) = (Z »[M][i_M] > 

the action of the gauged Laplacians extends, apart from a multiplicative factor depending 
on the label n, to elements in the line bundles C n the action of the Laplacian operator 
(15. 5 p on the quantum sphere, that is, 

(7.22) q 2n 0) = {atfR+R- + R^R + ) + vR%} ><f>. 

From (I2.18p . the above action can be written on <p £ C n as the left action (I2.17p of a 
polynomial in U q (su(2)). We get 

(7.23) 

□* = (-2^^ + ^^)^" 4 - q J q + q : 1){K -K~ 1)2 K- 2 

(q-q- 1 ) 2 

= 2qa (C q - [I] 2 + I)K~ 2 + 1/ (C q - [|] 2 + |) 2 )K" 4 - g" (g + g ( " g ^-7 ) f" 1)2 

having used (12.151) . This relation is the counterpart of what happens on a classical princi- 
pal bundle (see e.g. |2] Prop. 5.6]) and on the Hopf fibration of the sphere S 2 with calculi 
coming from the left covariant one on SU g (2) as shown in 



Appendix A. Exterior differential calculi on Hopf algebras 



In this appendix we briefly recall general definitions and results from the theory of 
differential calculi on quantum spaces and quantum groups. We confine to the notions 
that we need in this paper, in order to construct the exterior algebras over the quantum 
group SUq(2) and its subalgebra S 2 . For a more complete analysis we refer to [361 120] . 
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Let A be a unital *-algebra over C and Q l (A) an 4-bimodule. Given the linear map 
d : A — > CI 1 (A), the pair (^4.), d) is a (first order) differential calculus over A if d 
satisfies the Leibniz rule, d(xy) = (dx)y + xdy for x, y G A, and if f2 1 ( v 4) is generated by 
d(A) as a 4-bimodule. Furthermore, it is a *-calculus if there is an anti-linear involution 
* : SI 1 (^4) — > CI 1 (A) such that (ai(da)a2)* = a2(d(a*))a* for any a, a±,a2 G A. 

The universal calculus (fi 1 (4) un , 5) has universal 1-forms given by the submodule 
Q 1 (A) un = ker(m : A® A — > A) C *4.®*A with m(a®b) = ab the multiplication map, while 
the universal differential 5 : A — > Q 1 (A) un is 5a — 1 ® a — a® 1. It is universal since given 
any sub-bimodule M of f2 1 (4) un with projection ir^ : Q 1 (A) un —> fi 1 (4) = Q 1 (A) un /J\f, 
then (f2 1 (4),d), with d := ir^f o 5, is a first order differential calculus over A and any 
such a calculus can be obtained in this way. The projection ttj^ : Q 1 (A) U n Q l {A) is 
n Af(52i a i ® hi) = J2i a idbi with associated subbimodule Af = ker it. 

Next, suppose A is a left K-comodule algebra for the quantum group H = (H, A, e, S), 
with left coaction 8 L : A — > H®A, an algebra map. The calculus is said to be left covariant 
provided a left coaction 5^ : ^(A) — > 'H®£l 1 (A) exists, such that 5^ (da) = (l®d)0£,(a) 
and 5 < i\aiaa 2 ) = 5l(o>i) $l ( a ) ^i( a 2) f° r an y a G fi 1 (4) and ai,a 2 G A 

Left covariance of a calculus can be stated in terms of the subbimodule M C f2 1 (4). 
The left coaction is naturally extended to the tensor product as 

5 L : = (■ ® id® id) o (id ®t ® id) o (5 L ® 8 L ) 

with r the standard flip. A calculus is left covariant if and only if 5l(N") C % ® N ' . In 
this case, the coaction 5^ is the consistent restriction of 5l to ft, 1 (A). The property of 
right covariance of a first order differential calculus is stated in complete analogy with 
respect to a right "H-comodule structure of A. 

Clearly these notions make sense for A to be the algebra "H with the coaction A of % 
on itself extended then to maps 

Ag^d/i) = (d ® l)A(/i) and A^(d/i) = (1 ® d)A(/i). 

On "H there is in addition the notion of a bicovariant calculus, namely a calculus which is 
both left and right covariant and satisfying the compatibility condition: 

(id®Ag } ) o A^ 1} = (a£ } ® id) o Ag } . 

On a quantum group H the covariance of calculi are studied in terms of the bijection 
r :U®U^U®U, 

(A.l) r(h®ti) = (h®l)A(ti), r~\h ® ti) = (h ® 1)(S ® id)A(Zi') 

which is such that r(Q 1 ('H) un ) = T-L ® kere. Left covariant calculi on H are in one to 
one correspondence with right ideals Q C kere, with subbimodule Mq = r~ 1 ('H(g) Q) and 
£L l {T-L) := r2 1 ('H) un /A/Q. The left H- modules isomorphism given by VL l (H) ^ V.®(ker e / Q) 
allows one to recover the complex vector space ker ej Q as the set of left invariant 1-forms, 
namely the elements u a G Q l (T-L) such that 

Af'(w a ) = l®u a . 

The dimension of kere/ Q is referred to as the dimension of the calculus. A left covariant 
first order differential calculus is a *-calculus if and only if (S(Q))* G Q for any Q G Q. 
If this is the case, the left coaction of % on Q l (T-L) is compatible with the ^-structure: 
A^ (d/i*) = (AP'(d/i))*. Bicovariant calculi corresponds to right ideals <2 C kere which 
are in addition stable under the right adjoint coaction Ad of % onto itself, that is to say 
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Ad(Q) C Q <S> U. Explicitly, Ad = (id®m) (r ® id) (S <g> A) A, with r the flip operator, 
or Ad(/i) = h(2) ® (<S'(/i(i))/i(3)) in Sweedler notation. 

The tangent space of the calculus is the complex vector space of elements out of W - 
the dual space %' of functionals onH- defined by 

(A.2) X Q := {X : X(l) = 0, X(Q) = 0, VQ G Q}. 

There exists a unique bilinear form 

(A.3) { , } : X Q x Q\U), {X,xdy} := e(x)X(y), 

giving a non-degenerate dual pairing between the vector spaces Xq and kere/ Q. We have 
then also a vector space isomorphism Xq ~ (ker s/Q). 

The dual space W has natural left and right (mutually commuting) actions on %: 

(A.4) X>h:=h (1) X(h {2) ), h<X:=X(h m )h m . 

If the vector space Xq is finite dimensional its elements belong to the dual Hopf algebra 
'H! D W = ("H°, A^o, e^o, Sh°)i defined as the largest Hopf *-subalgebra contained in %' . 
In such the ^-structures are compatible with both actions: 

xt>h* = ((s(x))*>h)*, h*<x = (h<(s(x))*y, 

for any X G h G 7i. Then the exterior derivative can be written as: 
(A.5) dh := V (X a t>h)u a = Y] u a (-S-\X a ))>h, 

'a 'a 

where {X a ,u b } = 5 ab , and one has the identity 5 _1 (X a ) = — S~ 1 (f ba )X b . The twisted 
Leibniz rule of derivations of the basis elements X a is dictated by their coproduct: 

(A.6) A H o(X a ) = 1 ® X a + V X b ® / 6a , 

where the _f a 6 G %° consitute an algebra representation of H: 

A n °(fab) = Y] fac® fcb, 
£H°(fab) = 8 ab , 

S ^ Jb S'H {fab)fbc = S ^2i b fabS'H {fbc) = &ac- 

The elements f ab also control the %-bimodule structure of fi 1 ('H): 

(A.7) u a h = ^2 b (fab > h)u b , hu a = ^2 b UJ b ((S~ 1 (f ab ))>h) , for h G H. 

The right coaction of % on Vt l {H) defines matrix elements 
(A.8) = J2 b Ub ® Jba ' 

where J ab G "H. This matrix is invertible, since S(J ab )J bc = 5 ac and J2b JabS(J bc ) = S ac . 
In addition one finds that A( J ab ) = ^ c J ac <g> J cb and e(J a b) = 5 ab . It gives a basis of right 
invariant 1-forms, r] a = u b S(J ba ) and, as we shall see in a moment, allows one for an 
explicit evaluation of the braiding of the calculus. 

In order to construct an exterior algebra f2("H) over the bicovariant first order differential 
calculus (f2 1 ('H), d) one uses a braiding map replacing the flip automorphism. Define the 
tensor product r2 1 ('H) {g,A: = f2 1 ('H) ® H . . . ® H f2 1 ('H) with k factors. There exists a unique 
"H-bimodule homomorphism a : r2 1 ("H)® 2 — > ^("H)® 2 such that a(u ®rj) = r] <E> u for any 
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left invariant 1-form u and any right invariant 1-form 77. The map a is invertible and 
commutes with the left coaction of %: 

(id ®a) o Af = Af o a, 

(2) 

with A L the extension of the coaction to the tensor product. There is an analogous 
invariance for the right coaction. Moreover, a satisfies a braid equation. On f2 1 ("H)® 3 : 

(id ®cr) o [a ® id) o (id ®a) = {a ® id) o (id ®o) o (a <g> id). 

All of this was proved in [36], where, using the dual pairing between W and "H, an explicit 
form of the braiding a was given on a basis of left invariant 1-forms: 

(A. 9) a(u a <g> o; b ) := , cr ab nk u n <g> u k = (/ afc , J nfe ) w n <g> 

' * nk < • nk 

The braiding map provides a representation of the braid group and an antisymmetrizer 
operator : ^(H)^ -»■ fi 1 ^)®*. The Hopf ideals Sjf = ker give the quotients 

(A.10) fi fc (H) =ti L (H) 9k /S$ ) 

the structure of a "H-bicovariant bimodule which can be written as VL k ((H) = Range 21^. 
The exterior algebra is (Q{H) = © fc fi fc (H),A) with the identification = U. The 

exterior derivative is extended to Q(7i) as the only degree one derivation such that d 2 = 0. 
The algebra VL{H) has natural left and right "H-comodule structure, given by recursively 
setting 

A [ * +1 \d9) = (1 <g> d)A^(9), A% +1 \d9) = (d ® l)Ag°(0). 
Finally, the ^-structure on Q^-^H) is extended to an antilinear * : Q(1-C) —> Q(H) by 
(0 a 0')* = (-\) kk 'ff* A fl* with 6 G Vt k (H) and 0' G fi fc '(H); the exterior derivative 
operator satisfies the identity (d8)* = d(8*). 

The quantum tangent space Xq can be endowed with a bilinear product, given as the 
functional [ , \ q : Xq (g) Ag — > Xq. 

(A.ll) [X, Y] q (h) := {X ® F, Ad{h)}, 

with a natural extension of the bilinear form (|A.3[) . The bicovariance of the calculus 
ensures that the product is well defined and that, beside being braided antisymmetric it 
satisfies a braded Jacobi identity, both properties with respect to the (transpose of) the 
braiding a. On a basis it is given by 

(A. 12) [X a ,X b ] q = X a X b - } a J" X c X dl 

' ' cd 

and computed in terms of the pairing and the matrix J ab in f1A.8h as 
(A. 13) X a X b - Y] °J b X c X d = V (X b , J ac ) X c . 

^— ' cd ' 'c 

Appendix B. Quantum principal bundles and connections on them 

Following [1], we consider as a total space an algebra V (with multiplication m : V ® 
V —¥ V) and as structure group a Hopf algebra H, thus V is a right "H-comodule algebra 
with coaction Sr : V — > V®%. The subalgebra of right coinvariant elements, B = V n = 
{p G V : Srp — p <g) 1}, is the base space of the bundle. The algebras (V, B, %) define a 
topological principal bundle provided the sequence: 

(B.l) -> V (p 1 (B) un ) V -> n l (V) un 4 V® ker e n -> 

is exact, with Q 1 (V) un and Q 1 (B) un the universal calculi and the map x defined by 

(B.2) x-V®V-±V®U, x-= (m ® id) (id . 
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In fancier parlance, the exactness of this sequence is also referred to as stating (for a 
structure quantum group which is cosemisimple and has bijective antipode) that the 
inclusion B V is a Hopf-Galois extension [HTJ Th. I]. 

Assume now that (Q 1 (V),d) is a right %-covariant differential calculus on V given 
via the subbimodule Mp C Q 1 (V) un , and (f2 1 ('H),d) a bicovariant differential calculus 
on % given via the Ad- invariant right ideal Qy_ G kere^. A first order left invariant 
differential calculus is induced on the algebra basis B via Q 1 (B) = Q}{B) un / Mb with 
Mb '■= M-p fl Q}{B) un . This definition is aimed to ensure that Q}{B) = BdB. 

To extend the coaction 5r to a coaction of % on Vt l {V), one requires Sr(Mp) C Mp<S>H. 
The compatibility of the calculi are then the requirements that x{M"v) Q 'P ® Qn an d 
that the map ~a/V> : V ® (kere^/ Q%), defined by the diagram 

(B.3) 4 X l~N v 

P®kere w ld ^l w P ® (ker e n /Q n ) 

(with 71^ and 7iQ n the natural projections), is surjective and has kernel ker(~_^- p ) = 
VQ 1 (B)V =: Q^iV). These conditions ensure the exactness of the sequence: 

(B.4) -> VQ\B)V -)• fii(P) ^? (ker5 W /Q H ) -»• 0. 

The condition x(Nv) C?8 Q-h is needed to have a well defined map ~j\f v . ^ ^> ^) 
is a quantum principal bundle with the universal calculi, the equality xi^v) = P ® Qn 
ensures that (V,B,7i;Mp, Qn) is a quantum principal bundle with the corresponding 
nonuniversal calculi. 

Elements in the quantum tangent space Xq h {1-L) act on ker Eh/Qt-l via the pairing 
between %° and %. Given V G Xq h (H) one defines a map 

(B.5) V:Q\V)^V, V := (\&®V) o (~ Nv ) 

and declares a 1-form u G ^(P) to be horizontal iff V (cj) = 0, for any V G Xq h (J-L)- 
The collection of horizontal 1-forms coincides with Vt\ or {V). 

The compatibility conditions above allow one to define right coactions (for k — 0, 1, . . .) 
: £l k+1 (V) ->■ fi fe+1 (P) <g> as coalgebra maps, via c^ +1) o d = (d <g> 1) o 5% ] . By 
direct computation Ad(kere^) C (kere-^) <g> H. Being the right ideal Qu Ad-invariant 
(i.e. the differential calculus on % is bicovariant), it is possible to define a right-adjoint 
coaction Ad^ : ker £u/ Qh ~^ (ker Eu/Qh) ® H by the commutative diagram 

ker£ H keie n /Q n 
| Ad | Ad (R) 

ker e h ®U (ker e w /Q w ) <g> "H 

Such a right-adjoint coaction Ad^ allows one further to define a right coaction 5^ Vd ' ) 
of H on ? ® (ker £h/Qh) as a coaction of a Hopf algebra on the tensor product of its 
comodules. This coaction is explicitly given by the relation: 

(B.6) ^(P® *Qn(h)) =P(0) ® 7TQ W (^(2)) <g>P(l)0S7l(i))/l( 3 ). 

A connection on the quantum principal bundle is a right invariant splitting of the 
sequence (1B.4j) . Given a left P-linear map a : V <8> (kere^/ Q^) — >■ fi 1 ('P) such that 



(B.7) 5^ off— (cr (x) id)5jj , and ~_vv ocr = id, 
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the map II : Q l (V) — > Q l (V) defined by II = a o ~^/V is a right invariant left "P-linear 
projection, whose kernel coincides with the horizontal forms VQ l (B)V: 

n 2 = n, 

U(VQ}{B)V) = 0, 
(B.8) 4 1} ° n = ( n ® id ) o6 r- 

The image of the projection II is the set of vertical 1-forms of the principal bundle. A 
connection on a principal bundle can also be given via a connection one form, which 
is a map uj : H — > Q 1 (V). Given a right invariant splitting a of the exact sequence 
f lB.4j) . define the connection 1-form as u(h) = a{l ® ^Q n (h — e-u(h))) on h £ "H. Such a 
connection 1-form has the following properties: 

w(Qh) = 0, 

~j* P Wh)) = l®ir Qli (h-e H {h)) When, 
6$ o to = (u <g> id) o Ad, 
(B.9) n(dp) = • (id®u)5 R (p) \/p e V. 

Conversely with a linear map u : kere-^ — > Vt l {V) that satisfies the first three conditions 
in (IB.9p . there exists a unique connection on the principal bundle, such that uj is its 
connection 1-form. The splitting of the sequence (1B.4P will be 

(B.10) a(p® [h]) =pu([h]) 

with [h] in ker(e^/ Qy), while the projection II will be 

(B.ll) II = mo (id®o;)o 

The general proof of these results is in [1] . 
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